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PREFACE 


This book on Algebra has been written to meet the needs of 
the Pre-University Students studying in various colleges affiliated 
to the J. & K. University. Naturally it covers the whole of the 
syllabus prescribed by the University. Pre-University students of 
otiier Indian Universities, however, can also make use of it 
advantageously In each chapter, questions have been solved so 
as to illustrate the apphcatjon ° f the articles discussed therein. 
Most of these questions have been taken from recent University 
Papers to enable the students to know what sort of questions thev 
expect m the examination. This will go a long way in removing 
ffie examination-threat from them. The chapter on B^omhd 

index) r is fr o fr ° m -^0“ 
who are'mrt'aware of^uch'nota tions. ^ **>• Rodents 

lottawritS’ g d ;h'i s e boS k 'w < 0ll ' a , gUCi wh r ° ha « helped us a 

wafers e»e 
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CHAPTER X 

Complex and Imaginary Numbers 

1.1. Def. Numbers such as y/—'2, V~ V~ 9 etc., which 
involve square root of a negative quantity are called imaginary 
numbers. 

1.1.1. i s denoted by i (read as iota) and it is called 
the imaginary unit. It is thus easy for us to see that:— 

i 2 = —1 

i 3 =i 2 . i ■ i 

i 4 = £ 2 • i 2 '■ lx-1 = i 

Also we can write ■*/ -3 as \/—1 i/3 

or iy/ 3 

Similarly, V — 16—4* 

3 + ^-4=3122, etc. 

1.2. Complex Numbers 

. Def. If a number consists of a real and an imaginary pari, 
it is called a complex jnumber. For instance, 2 +iy/5> 3+ 
etc.y are complex numbers. In the first case 2 is the real part, 
while V 5 the imaginary part. 

1.3. Def. Two numbers of the form x-f-(y and x—iy which 
differ in the sign of the imaginary parts only, are called conj«. 
gate complex numbers. 

1 . 3 . 1 . Properties of complex numbers. 

(I) If a-|-t6=0, then a=0 and 6=0. 

Sol. a+ib—O 

.*. a— — ib 

Squaring we get a 2 =(—1’6) 2 = ■ —6 a 

or «-+6 2 =0. 

1 


But the sum of two squares cannot vanish unless each vanishes 
separately. 

% * 

Hence «=0 and 6 — 0. 

■ 2) If a+ib=c+id y then a=c and b=d , i.e., real pari is equal 

a red part and imaginary part is equal to imaginary part. 

# 

T . Sol. a+ib—c+id 

n {a—c)+i(b—d)—0 
i by property (1) a—c— 0 and b—d— 0. 

Hence a=c and b—d. 

v 3 ) The sum and product of two conjugate complex . numbers are 
cal. 

Sol. Let x+iy and x- iy be the conjugate complex numbers- 

sum =*+ iy f *■— iy— 2.v 

ind product =(a-|?»(a-—:» 

9 O O I O 

=x—i-y 2 =x-ly-. 

Thus the sum and the product arc both real. 

1.4- The sum, the difference, the product and the Quotient 
•u two complex numbers are, in general complex numbers. 

,/a) ( <I+I -6) + (c+ l V<) = («+c)+;(6-|-</) which is a compI«x 

number unless b+d= 0. 

<7>) (a+ib)—{c+dd) — (a—c)+i{b—d) which is a complex 
number unless b—d— 0. 

,' c ) (a+ib) {c+id) = {ac—bd) + i(ad+bc) which is a complex 
number unless ab+bc=Q. 

. a+ib (a+ib)(c—id) 

d) c+id ~~ (c+id]{c—idj . . 

\ 

ac+bd , . {be —ad) 

=-*+'d»~ > c'+d- 
which is a complex number. 
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Worked Out Examples 

Ex. 1. If - a y be of the form A-ft'B, find the values of 

a—10 

A and B. 

Sol. Rationalizing > we get 

a-\-ib a-\-ib (a-f-ife) 2 

n-ib X a + ib ~ 


a*+?b*+2 iab _ a'l-tf+Ziab 
at-w ~ ^XTs--- 

<i*~b 2 . 

a 2 -f& 2 "T* „2_L».2 


Now 


•y=A +16 


<z 2 -!-fc 2 


a+z'6 
a —;6 


a 2 —b 2 . 2o6 , _ 

a*+6® + * <z 2 -j-6 2 ~ A + ,B - 

Equating real and imaginary parts, we get 


a 2 -6* 
a 2 -f 6 2 


2ab 

a*+b- 


—A and =B. 


J_ • 

Ex. 2. Put — L l ~ in the form A-ft'B. 

soi.' i=i_ u- od-o 

l + z- - (l+£)(l-i; 

_ (l-i) 8 l+t**—2i 

1 — t 2 l-l 2 

i—i—at -2i 

. . 1 + 1 "" 2 

1 • * * 

..... ...... • 

=-t. 

which shows that A=0 and B=l. 


(Rationalizing it) 
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Ex. 3. Find the square root of 3+jL- ^ 

Sol. Let \/3+4i=*+*>^ ’y 

Squaring we get 

3+4i= a: 2 +**j>*+2tx? 

=x 2 —y+2ix>> 

which gives **—j*=3 

and *> ,== 2 



?rom these we get 

(x* -/)*+4*V* = 

(**+/-) 2 = 
x 2 + v 2 


>r 


9 + 16 

25 

-5 


=25 



From (1) and (3), we have 

x 2 =4 or • x=+2 

and /=1 ov > =:tl 

Now xy='2, i.e. } +ve 

If x is +ve, so should be y and if x is — ve, so should be y 

*= 2,jv= 1 

a:= — 2, JV= 1* 

Hence the square roots are 

2 +i and — 2 — i, ue. y ±(2 + i). 

1.4.1. Cube roots of unity and their properties, jf 

(1) Let *-(«* ^ 

or 

or (x—l)(x 2 +x+l)=0 

Either x-l=0 or .v-+x+l=0 _ 

— 1+ y/—$ — 1-V— 3 

x=l or x=-2 * 2 



% 

Thus the cube roots of unity are 1, ~ 1 + V~-3 and 

* 2 

— 1—v/—3 

~ 2 ~ " which can be written as 1, 

-1 + iV 3 , -l-tV3 

-o- , and — 


Symbolically, we denote 
and by «*. 


2 

-1-T/V3 . , . 

-^- by to (read as omega) 



(2) Properties of the cube roots of unity. j> 

If 1, w, to 2 be the cube roots of unity, then \Z 
(*) 1+w-f <o 2 =0, and 
(«) <o 3 =l. 

S * L (*) L.H.S.«i+ tt+w t 


= l4-^i±iVi , ~I~iV 3 

2 ' 2 

= £zl±iy*-T--iy/S 

2 

0 

=y=°=R. H .S. 

(») L.H.S.^to 3 

_^lr‘V 3 .. - 1 +.V 3 
2 x 2- 

(-1)*— GV3)‘ 

4 

1-S«* 1+3 . . 

~~4-=—r- =1=R.H.S. 
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Worked Out Examples 


Ex. 1. Find the cube roots of 

Sol. Let x— (— 8) 2 

or ,\3-f-8=0 

or (a:-}- 2) (a 2 — 2*44) =0 
Either a4-2=0 

or a 2 — 2a 4 4=0 

x = — 2 


— 8 . 


and 


A = 


2±\/4-16 


2±2V—3 

r 2 - 

_ V -2(-l=F»y^T ) 

= —2o), —2 to 2 . ^ 

Hence the cube rpots of —8 are 

—2, — 2oj, —2co 2 . s' 

Ex. 2. Show that:— ^ 

(i) (1—<o-f-<o 2 ) (1 -f-to — co 2 ) =4, where 1, co, w 2 are the cube 
roots of unity. 

(,) + (^ELf +i=o. 

{d. a. 1^4$) 

Sol. (i) L.H.S. = (1 —w-|-co 2 )(l + co — to 2 ) 

= (14co-fw 2 —2 oj)(14-w4w 2 -2w 2 ) 

= -2wX —2w a (V l+w+^—O) ^ 

=4to a =4 (V ^ l) 

=R.H.S. 



/ 




(tf) J-H.S.=( - 1 w-3 y 7 y ~ W- 3 ) 17 


-I ] 






= (o) 17 +(6) 2 ) 17 -j-l 
=co 17 -;-co aj |-l 
~6) 15 .6> 2 t C0 M .(0+1 

- (co 3 ) 5 .w''-+(« 3 )».co M (V <0 3 - 

= <o 2 hw+l=0—R.H.S. 

Ex. 3. Find the value of 2 a 4 -|-5A 3 n7 a 2 —*-{-41, when 

*= — 2/v/3. 

*°I. a = -2-/V3 , M 

(x+2) ! =3i i =—3 > V 

°r * 2 -{-4x-j-7=0 

Now 2.\ 4 -f 5 a 3 4-7a 2 —a 4- 41 

=2a 2 (a 2 -K4a-{- 7) 3(* 2 +4*-f-7) 

+5 ( a 2 -h 4 a - -f 7) + 0 

Thus the required value is 6. 

Ex. 4. Resolve into factors x 2 -f-xy-{-)>*. 

Sol. **+*j,+jp* =a- 2 -.y)’((o+«*) +«.«y 

for w+oi 2 =-l and oj.oj 2 =(o 3 -:1 

.v 2 -t'A>>-rj» 2 =fA— o>j)'a— co 2 _>>). 

EXERCISE I 

1. Multiply: 

’ ■ i 

(i) (a-V^) by (a+V^x). 


= (. 


I 


(») *- 


3 bv X— 


2 . 

.3. 


(»*) -V2+n/3by-V2-tv/8. 
Prove that (l+£)(2+£)(8+i)-l0t. \ 

Express in the form A-f-zB. 


\ • 


U 



s 

/ 

8 


•v 9+7/ 




/. M i • * /. V X /•••. 2+3* , 3 l 

^ 5-2/’^ 3 + 4/’ 4=3t + '4+3i 


(«0 


4-9/ 


/ ' ' V 2 ‘HV5' ^ > 

=--.v+J> ; prove that a-- 2 +j 2 = ^ 

i J(/t) If ccs 0 + / sin 0=x—ij, prove that x 2 +j> 2 —l. 

\f 5.^ If 1, cOj &>* he the cube roots of unity, show that ^ 

Ji) (1 -co)(l-<o 2 )=3. ,/ 

(iiU2-o))(2-co 2 )(2-co 10 )(2 co 11 ) —49. ^ 

' (D. d^l?59) 

) . (liiXS -f oco+2a>*)« = 729=(2 |-2o>+5o> 2 ) 6 . ^ 

J*i ■ ^ (R,U. 195 7) 


J*V' (y) (f to J <> 2 )(i —co 2 |-6)' ! )(1 f/* |-(u fi ).to 2;/ 

farrnrj : //?. //. j 


. factors : 2* w . 

. cl. .t . c+6co+«o 2 

. by Show that - —ri - rr~ —w - . 

^ flco-|-6co 2 +c 


(/?. f/. 1955) 




,/ 7. Show that (- l + V-3) u -f(- I- V-3) u = ~2 U . 

8. Show that all the cube roots of 

v • M • (/) - 8 are - 2, -2co, -2o*. ^ 

(if) — 1 arc -1, —to, —w 2 . 

•» . —— 

9. Find the square root of (/) - Il--60\/— 1. 


*■*■•{«) 3 t 4 v '-7. 

10. IfX—S^FpTTfin d the value of" -— 

x 4 -6v 8 +37.v 2 -20x 1-112. 

|i if x=4+\/~ 7 fi nc * the value of 

*»-4x*-9*+97. 


(A\ f/. /P5d> 
(/).£?. 1958) 




(D. H. S. 




12 . 


13. 


i-4 4 : 


Show that 

(0 a ~—ab-'rb*-= (a- : ha) (a~\-ba z ). 

( ll ) (* 2 +y+C 2 — *>• —j vz ~Zx) = (x+coy-f a 2 z) 

" (* + (0 



r 

ind the factors real and imaginary of 

(0 (») « 3 +^ 3 . 

Show that is 

to 2 or —1 according as n is a multiple of 3 or 
multiple of 3. 


/ 




) 


i’+w«) 

equal 
not ^ 




CHAPTER II 


Theory of Quadratic Equations 

2.1. The student has already learnt how to solve the quad¬ 
ratic equation «A 2 -b&A-r-c=0. All the same, the equation is 
solved below for his advantage. 


Sol. ax 1 -f- bx - j- c = 0 

Multiplying both sides by 4a, we get 

4a 2 x 2 -f- 4 abx -f- 4 ac— 0 

or 4<? 2 A 2 -f-4fl&A=— 4 ac 

Adding b- to both sides 

4a 2 x 2 -\-4abx-\-b z =b 2 -4ac 


<rV 


or 

or 

or 

or 

• 

• • 



(2ax-\-b) 2 —b 2 —4ac 
2ax+b=±Vb 2 —4ac 
2nx= —b± yb 2 —4ac 
_ — b^\/b 2 — 4ac 

X - X 

2 a 


2.2. Relation between the roots and coefficients of^ 
•quadratic equation. ^ V 

In the previous article we have seen that the two roots of the 
.quadratic.equation ax 2 -\-bx-\-c=0 are 


-b-r \/h 2 — 4ac ^ ~b-\/b 2 -4ac 


2a 


2a 


Sol. Let us denote these by a and p. Then 

/ - 


a-hp = 


-b+y/b 2 -4ac , -b- Vb 2 -4 ac 


2 a 


+- 


2a 


10 


II 


= ■b 4- \/b 2 ~4ac—b — \/b -—4 ac 


and 


a P = 


2a ■ ~~ 

■b-\-y/b 2 4ac — b—yj I/'- — 4 ac 

X 


2a 


2a 


(-b) 2 -(Vb*-4acy- b 2 -(b*-4ac) 

4a- ““ 4a 2 

4ac c 
4a 2 


a 


]~ TfnTshows that in a quadratic equation when all terms , arranged in 
{descending powers of x, are brought to one side, the sum of its roots is 
€ * Ua l l ° 7 ' co $ e * ent °f divided by the coefficient of .v 2 , and the 
of# the r00ts is equal to the co - nst ^ nt tom divided by the coefficient 

fiv P be the roots of Ae quadratic equation 3v--f 

bx+l=0, find the value of (i) <x+/3 and («) a3. 

efficient i^Vh»“ ° f * by ** C °- 

—3 (constant term divided by the coefficient of .v 2 ). 

^v 2 ^a' 2 ,‘ P be the roots of the quadratic eauation 

-f£x-fc—0, find the values of (i) a*-f (3? y (ii) oc 3 -|-/3 3 . ^ 

we have a> ^ aie roots of the equation ax-+bx-{-c=0, 


and 


«+P=- 


«3= 


6+ 


(i) («+(*)*_2ap 


v 

v t • 




_ty _ 9-i_ b2 2c 

' " ' 2 a - a 2 ~ a 


a 

b l —2ac 


..(Article 1.2) 
..(Article 1.2) 
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(«) aH/P=(a+p)*--3«P(a+0) 

= (^A) 3 — 3—(—— ) 

b 3 3fcg 3abc—b 3 
a 3 a 2 rt 2 * 


2.2.1. As is evident from the solved example (2) above, the 
J esuits obtained under article 1.2 enable us to evaluate expres¬ 
sions in which the roots of a quadratic equation are symmetri¬ 
cally involved. We propose to illustrate this by solving some 
more examples below. However, the student is required to note 
the following algebraic results carefully before the examples are 
worked out:— 


(i) « 2 -j-ft 2 = («-rft) 2 —2«ft . 

(«) a -p-V(~ a +«*- 4 «P- 

(lit) a 3 +P 3 =(« + P) 3 -3a)8(a4-p). 

(w) a 4 +p 4 = [(a+p) 2 -2apj2-2a2p2. 

(») (a 2 -p 2 ) 2 = (a-f(3) 2 {(«-bj3)2_4a(3}. 




. _,x. 3. If a, £ be the roots of the equation -&.v-fc=0 # 



tind the value of 


0 ‘ a ‘ 


Sol. We have a-j-B= —— and a/5= — 

<7 c 


a 3 |3 3 a‘+/S' [(«+@) 3 -2afl 3 -2« ! 3 3 


Now T +-= , e - = 


«P 


K-tX-M - ! <t) 


(- 


fc 2 
2 


2 c 
a 


0/-2 


V - 
/ ~~ /?2 




*Y 


l 


i 
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(6 2 -2 acY-'la-c*- 


a z c 


6 4 -4 ab 2 c+2a 2 c 2 


(Pc 


Ex. 4. If a, [3, be the roots of ax 2 +6A*+c=0. find the valu 

l « 


of 


aa+6 + 43^6“’ W ( aoc + 6 ) 3 -I-(ap+6)" 3 . 


Sol. We have <x+(3=-- and aj3= - 

a a 


(0 Now —■_ 1 _ _ fl{3+ 6 +a«+6 

aa +6 <z{3+6 (<za+6)(a|3+6) 


_ g («+/?)+ 26 

g 2 a/3+<j6(a+|3)+6 2 

a (-f )+ 26 


a ‘d ) + a6 (- t) +( ' 2 
6 


- 6+26 
gr -6 2 +6- 




Alternative Method. 

Since a, (3 are the roots of 
g* 2 +6.v+f=0, we have 

ga 2 +6oc+c 


=0 


and 


aa+6 

gp*+6(3+c 

ajS+6: 


c 

a 


=0 


c 

F* 


Now 


1 


1 


<tx+6~ + ai 5+6 


7 + 


1 


c 

a 


—c 

T 
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a 

c 


a+0 


(- 4 -) 


b 

c 


(it) We have shown that 


act+b = - - , and 

a 


(aa+fc)- 3 +(a?+4)- 3 

1 I 1 

(aa+6) 3 " r 

= <4r v ;-> 


(a$-\-b) 3 

1 

V 


a 3 +p 3 

c® 


(a+j8) 3 -3«p («+P) 

-V 


.3 


b 3 -3abc 
= aV * 

2.3. Apart from enabling us to find the values of expressions 
in which roots of quadratic equations are involved systematically, 
the results obtained under article 1.2 enable us to frame a 
quadratic equation whose roots are given. The method is 
explained in the following article. 

2.3.1. To form a quadratic equation whose roots are 

given. 

The quadratic equation ax*+bx+c= 0 can be written as 

•> , —o But we know that if a and ft be the roots 

x ' r a a ’ . \ ! \ ' 

of this equation, then *+P= — and ap= - . 
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.v 2 -f — *+ - =0 can be written as 
a a 

x--(- b ) ,+ ~ = 0 . 

or (jf— («- }-ft 

i.e., .v 2 — S.v+P = 0 where S is the sum and P is the product 
of roots. 

Hence every quadratic equation whose roots are given can be framed 

as :— 

a- 2 —(sum of the roots) x-f product of the roots—0. 

Ex. 5. Frame the quadratic equation whose roots are 5 and &. 

Sol. Sum of the roots=5+6= 11 

Product of the roots =5 X 6=30 

Hence the equation is framed as follows :— 

.v —(sum of the roots) a-{- product of the roots=0 
°^-11 a + 30=0. 

r *If a, ft be the roots of the equation 
>im the equation whose roots arc 

«+-y and 

Sol. We have a+|3=- h and <&=- 

a • a 

Next, the sum of the given roots 

\ 

= a + 4-+?+^- 

P a 


<« +w+ «+& 


•! 


b 


a 


a 


ca 


16 


Product 


=(*+ ]}-)(■'+ 4) 

=a?+l-i ’-1-Ar=2 + a^+ 


*3 


a P 


c a 

= 2 + r +7 


2ca-\-c--\-d z (c-j-fl) 


— ca ca 

Hence the required equation is 


M£±£)_ v+ 7+fll 

<77 >- d 


o» 


or cax 1 +b(c+a)x- J r • c , a)' 0. 

2.4. Conjugate roots :— , . 

/„ a jaarfraJic ,,««(»» «ii<A >d»W co'ffidentsj irrationalJ Q°l 

ccur in pairs.) . . . 

Let ^+i*+£=0 be the quadratic equation in which a, ■ • 

re rational. 

Thc roots o^hiseq^n a. 

ir Jon r af°and f 55^^" ™ S ^ ^ 

show^hat^oo—70 ^rhe^econd^root^oTthe'same cqurtlon. aV 

Now we have 

a( *+VP) 2 +*( a + 

. QL 2_i_^ x -uc4-aj 8 +( 2a7 '^ / '' ^ ^'" 0 ‘ , 

Equating .Ue — and ir—, parts horn the two sidei 

ofthe equation, we have ^ + ^^ 0and 

(2aoL-rb)V$^ 
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{aa. : -rboL+c-r a$) — [2aa.-rh) y p- U 
or <qa — \/£) 2 + ^(a — y/$)+c—\) 

which shows that a— .\/j3 is the second root of the equation. 

2.5. 1J one root oj a quadratic equation is an imaginary expression, 

the other root is also an imaginary expression which is conjugate to the 
JU st • 

Let &x--r&A + c=u he the given quadratic equation. If a — 
is root of this equation, then 1 K 

a (a--r iB) 2 + /'(a+ i*j) ~ c = 0 
or /,(a-fi/5)- r c=U 

or ,fla s -f 6a -f c- « *) + + b' i $ ='). 

Separating the real and imaginary parts, we have 
aa 2 -f-Aa-j-c—3 2 =() and 2au-\-l> >/p = i> 

From these, we have 

(aoi 2 + b<x-\-c—ft 2 ) — (2aoc + 6 .)/'j =0 

• or *(a a -2w3-f3 2 )+6(a-#)+r=n 

or a(a — i£) 2 +k(a — c = 0. 

Which shows that «-/p is also a root of the same equation. 
Ex. 7. Form the quadratic equation one of whose roots is 

1 4- \/5. 

Sol. . one root is 1 -fw/5, the other root can be 1 — \/ 5 . 

Sum of the two roots=( 1-f v5 ) r || v 5) 

Product of the two roots = (1 + V5) (1 - y5) = l — 5 = — 4. 

.'. 1 he required quadratic equation is 

•v 2 —(sum of the roots) x +product of the r 0 ots=n 
or v 2 — 2x— 4 — 0. 


EXERCISE II fteiUcM 

the valuedjL** ** "P* ° f th ' e ^ ion «*+*»+«-0. find 

i • 1 ' 

^ “£T+ >2 > (») a 4 ? 7 -f a 7 ^ 4 . 
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(2) If «f, p be the roots of the equation 

^ x 2 _ ( i + ^ a . 4 -L (1+a .2 +A 4 ) =0 

show that a 2 +P 2 =£ 2 . 

Qi , If a, p be the roots of the equation ax--\-bx+c=0 , find 
^ w the values of the sum and the product of 

aa.-\-b and afi-\-b. 

4., If a, {3 be the roots of the equation c—0. 

determine a 5 -fP 5 in terms of a , b and c. 

[Hint. a 5 +P 5 =(a-}-(3)(a»-a 3 p+a 2 {iJ 2 -ap :J + P J ) etc.] 

5^ If a, p be the roots of the equation ax 2 +bx-\-c = U, find 
the values of 


& 7a lb + aB+b and ( !!) S+4 


3 __ , * 

P ap + b‘ 

(. D . H. S. 1955) 


ifb 

j \,^[ f ft If/?, be the roots of the equation 2x 2 —6 a+ 3=0, find 

the value of 

7 14(7.; If a, p be the roots of the equation nx 2 +bx+c= 0, form 
v rKzS the e q Ua tion whose roots are 


a A P 
8 3nd a 


0) 

(«) ap and <x 2 +p 2 . 

: 3 \ 2 


(K. U. 1950) 






(K. U. 1951 ) 


8 Form the equations whose roots are :— 


(0 


m 

n 


n 

m 


(Hi) -a ± ib , 

(v) -izi(a-b). 


(«) 7±2V5, 


PH 

p-q 


7* 


4 

I 



^^11 a, fi be the roots of the equation a- -\-px— (J, and 
a , 3 those of a 2 -p'x-j-q’ =z{) t show that 

/ I V . . . . 


< 



(«-«') 0 —3'> + (« -P') (P- «’) = !>(? !• q, +pp . 

U Al be ‘ hc ,;°° ,s of , **+'«■+<=<• and *«, *(5 .hose ol 
* +/>a-t^=o, show that qb l —cp- ^ 


V 


* "“V".— - 


d * 


^ . \J2jj 1/ the roots of a - --ln+r n h,, : l4t .-7"** 

• ^ int ege.s, prove lhai 0- --4c ' 1. ^ ' {Z) £* 795 /' 

—Eet * and a-j-1 he the roots. Then 

- a + I =3 and <x(a + ]) = t 

Eliminate a to get the answer]. 

faS35S.=«s= 

* “ASft W- 

^c= a b+b\ ’ . 

f 5 - {ai Can you lorm a quadratic eaim,„„ . i 

l V3 and ,/33 5 V q “° n whosc roots are 

T 3 ' v V o . Give reasons. 

he 



(P. V. 1956 

* 


'fr- Ifthe roots of x7A 8 -4-rv4-/-—n u • 

^ that +«+r-0 be m the ratio p ■ q, shov , 

y - v W ' 



9 v p 

^ a, 3 be the roots of ax'A-hv . r —i\ 

, ~~~ Jr rft *T f!a 0, Prove that 

VWW\ 

rc r 
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Form an equation one of whose roots is 

P ~ V P 2 — 

P ■+* Vp' £ — 4^ 

Form the quadratic equation with rational 
one of whose loots is 


coefficients 


(0 


1 


/ . - > 


4-V 15 


(« 


1 


-3 + V-2 



CHAPTER HI 

.THEORY OF QUADRATIC EQUATIONS ( Could.) 

11 

V 3.1. A quadratic equation cannot have more than two 
root§„< 

If possible, let the equation aa 2 4 b.x-\-c= 0 have three different 
t oots a, j3, v. Then sinc e each of these must satisfy the equation, 
we have 


Z»a-f c=0 ...(1) 

<®*+b$+c={) ...( 2 ) 

and ayt+by+c^O ...(3) 

Subtracting (2) from (1), >ve have 

a(a*-P 2 )+A(a-p)=0 

Dividing out by a-p which, by hypothesis, is not zero, we 


<*(a4-p) 4-6 = 0 

Similarly, from (2) and (3), we get 

rt (P+r)+i=h 

On subtracting (5) from (4), we have 


•••( 4 ) 

...(5) 


a(a-v)=o ...(6) 

wh ich is impossible. Neither a nor «_ Y can be equal to 
ro. For, if a—0, then the equation ov 5 4-4a+c= 0 will be 
reduced to *+c=0 and will be no longer a quadratic. AgaL 

“~ Y a 1 t i len a =J wh ich too is not a fact because we have 

on?v tw d Pr" Y , ,Q bC thr f C roots ' Hence 'here can be 

only two different roots and not three. 


3 . 1 . 1 . To show that when 
variable is true for more than two 
identity. 


a quadratic equation in any 
values of the variable, it is an 



V 


v 


f 


Let us suppose that <ix 2 -f&x-K=0 is satisfied by the values 
a, (3. y (more than two * of v, then a, y being different, by (6) of 
Art. 3.1 above we see that <7=0, then by (4) b=0 and then again 
by (1) c=0. 

*. fl.vM b.x~-c= 0. 


/ 


3.2. Nature of the roots of the equation 

ax- - bx ~c=0. 

in Ait. 2.1, we have seen that the two roots of the equation 


ax 2 +bx -i-r=0 are 


b + V '* 2 - 4 * and 

v la 2 a 

where a, h and c are supposed to be real. Then we have the 
following results :— 


(1) If b- -lac (the quantity under the radical) is positive, 
then the two roots are real and unequal. 

*2) Ub 2 — lac is zero, then the two roots are real and equal, 
each equal to- ~ . 

(3) If b 2 — lac is negative, then the two roots are imaginary 
and unequal. 


(4) Ifi 2 — lac \s <\ perfect square, then the two roots are 
rational and unequal. 

(5) When c=0, the equation becomes ax 2 + bx= 0 or x(ax-rb) 

—0 which shows that one value of x is zero, so that one 
root of the equation is zero when c= 0. 

(6) When c= 0, b= 0, the equation becomes ax 2 =0. so that 
both roots of the equation are zero when b= 0 ; c— 0. 

Notes — (1) From what has been explained above, we come 

to the following conclusions 

/•) !f £2_ 4ac^£0, then the roots are not equal , 

and 


(ii) If b 2 — Jar is not a perfeet square, then the 
roots are irrational. 

(iif) Imaginary and irrational roots occur in 
conjugate pairs. 

(2) lr — 4ac determines the nature of the roots of the 
equation ; therefore, it is called the - 

discriminant of the equation. 

By applying these tests, we can detei-mine the nature of the 
roots of any quadratic equation without actually solving it. This 
lias been explained below by means of a few solved examples. 

Ex. 1. Discuss the nature of the roots of the equations 
(i) 2-v 2 —7x-f-3=0 and (ii) x~- o.v-2=0. 

Sol. (i) Here a = 2, b=— 7, r=3 

/> 2 —4ac=49 —24=25 which *is a perfect square. Hence the 
roots of this equation are real , rational but unequal. 

(ii) Here <i=l, b = — 5, c= — 2 

.-. b 2 — 4ac = 25-{-8=33 which is positive, but not a perfect 
square. Hence the roots are real , irrational and unequal. 

Ex. 2. For what value of m can the quadratic equation 
(m+l)x 2 + 2(m+3)A:-f 2m+3=0 have equal roots ? 

Sol. For equal roots, b 2 —iac must be equal to zero. 

Here a=m+ 1, b=2(m+3), c=2m+3 

.-. 4(m+3) 2 —4(m-f 1) (2m+3) =0 

or (m-f3) 2 —(m4-l)(2m-}-3)=0 

or m 2 — m — 6=0 

# 

/ which gives m=3, —2. 

Ex. 3. Show that the roots of the equation (x~a)(x—b) =h 2 
are always real. 

Sol. The given equation can be re-written as under :— 

.t 2 — (a-\-b)x-\-ab— A 2 =0 
/. Discriminant =(<7-f6) 2 —4(<?6— h 2 ) 

=ar-\-b 2 -j-2ab —4a6-f 4A 2 
' =(a-b) 2 +('2h 2 ). 
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Which is positive because a perfect square is always a positive 
quantity and so is the sum of two squares. 

Hence the roots are always real. 

EXERCISE III 


/ 


w 


2 . 


3. 


i 



1. Discuss the nature of the roots of the following equations: 
(i) a 2 — 10a- f 32=0. (!/) 3 a 2 —7x— 2=0. 

(Hi) —4x 2 -f 5 a—8=0. (iv) <h-’-6x.-fl=0. 

(y) 4x 2 —3 a+2=0. 

Find the value of p in order that 4 a 2 — />a + 9=0 may 
have equal roots. 

Show that the roots of the equation :— 

® % * 

(/,+ c ) x 2_ (a-rh-rc)x-\-a =0 are rational. 

/ 4. Show that the roots of the equation 

(i) (a — a) (a- f 6) =b 2 are always real. 

(H) 2ax 2 -\- (’2a+b)x-\-b=0 are rational. 

(lit) (a— a) (a —b) =2bx 2 are always real. 

5. 'Strove that the roots of the equal ion (a— a) (a— b) -f (a —b) 
Jp\lx—c) + (x—c)(x—a)= 0 are always real for real 
values of a , />, c and cannot be equal unless a=b—c. 

6. Show that the roots of the equation 

2(a 2 -\-b 2 )x 2J r2(a J rb)x J r 1=0 
/are imaginary. 

7.., If the roots of the equation <i.v 2 +26A-fc=0 are real and 
\ kA unequal, show that the roots of the equation 

^ x 2 -\-2(a-\-c)x-\- (a 2 -h 2b 2 ~h c 2 ) =0 ^ 

are imaginary. 

8. Find the value of m for which the following equations 
have equal roots :— 

Wy (j) (m+l)x 2 +2(m+3)x+(2m- 1 r3)='y 
(**) (m+l)x 2 +2(m+3)x+(8+m)~tf 

0) a 2 —15—m (2 a—8) =0. 


ZD 


, Show that the rools of the equation x 2 4*m.x-|-n=0 are 
rational if»ms=Jk^-~-, where m, n and * are rationa 
quantities. 

For what value of m will the equation :— 

v X 2 — 


ni— 1 

ax—c m + 1 
have roots equal in magnitude but opposite in sign ? 
.' s --JM>ve that the roots of ax 2 -f-6x-f c=0 are rational if 
a-h?>-}-r=0, a , ft, r being rational- 
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CHAPTER IV 



THEORY OF QUADRATIC EQUATIONS (Could.) 

4.1. Equations Having Common Roots. 

4.1.1. To find the condition in order that the equations 

ax 2 4-bx-f-c=0 and ax'- b'x-fc'=0 


may have a common root. 


Suppose these equations are both satisfied by x— a ; then 

aaP-rba. '-c— 0 
and *V+*;«+c'=0 

by cross multiplication, we have 

a 2 _ y _ ^ 

hc' — b'c ' ca'- c a~ ah' ah 

Now from the first and third ratios, we get 



hc'-b'c 
ab' —ah 



and from the second and third ratios, we get 



ca' —da 
ah r -a'b 



Eliminating a from (1) and (2), we have 

bc'—b'c / ca'—c 'a y 

alT-ab ' ah'—ab / 

or (ab’-a'b^bd-b'c) = (ca' -c'a)' 
which is the required condition. 
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Note. (1) It is easy to prove that this is the condition that 

the two quadratic expressions 

tf.v 2 -f-kv-f-c <*nd a'x 2 - f-J/x-f c' 
mav have common linear factor. 

j 

Note. ^2 } If ax 2 4-hx-. c=0 and ax* : -//.v-fc' = 0 have a 

common root, then from that ratio 

x 2 x 1 


J 


he’—IS, 


ca —4 a 


ah' —a'b 


this common root is either 
ca'-c'a he' J/c_ 

ab'—a'h OI ca'-c'a 


4.1.2. To find the condition that the two equations 
ax 2 rbx~c=0 and a'x 2 -fb'x-fc' =0 
may have both roots common. 

Let x, 9 be the roots of both these equations, then 


and 


«+P=- ~= 

a 


x/3 = C ~~=S 
a a 


a o c 
Hence - = ,r-=- 

a b c • 

Which gives the required condition. 

4.2. Roots connected by given relations. 

4.2.1. To find the condition under which one root of 
the equation ax 2 -f-bx+c=0 may be n times the second. 

Let a be one root 

the other root is na. ^ _ ^ 

Now, a-f na= — — 


...( 1 ) 
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From ^1) a= — 

Substituting this value of x in (2), we gel 

P c 

a 


n 


a {1 - f -«) 2 

or nb i = ca I 1 ~rn ) 2 . which gives the required condition. 

4.2.2. To find the condition that the roots, of the 
equation ax 2 -f-bx c 0 may be 

Reciprocal*, (ii) equal in magnitude but opposite in 

si g“ 

(*) Let one root be a 

the other root will be — . 



a 


Now the product of the roots 

_1 _ ( 


a 


or 1 =— which gives a—c as the condition required. 
a 

(ii) Let the roots be a and —a. 

Sum of the roots=a—a—— — which gives 6=0 as the 

a 

condition required. 

Hence the two roots of the equation ax- + bx+c — 0 will be equal m 
magnitude but opposite in sign, if the coefficient x is zero. 

4.2.3. Find the condition that the equations 

ax 2 -fbx-f c=0 and a'x 2 -f b'x-f c' = 0 

may have one root of the first as the reciprocal root of 
the second. 
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If a root of the first be x, then a root of the second will be 

1 

a * 

aor. 2 -r-boi-\ c — O 


• * 


...il) 


1 


1 


n —7 ~rb' -fr' - 0. 
a- a 


or f'a 2 -f 6'a-f- a' —0 

From (I) and (2), we get by cross-multiplication 


...( 2 ) 


a' 


•> 


a 

cc' — an 


1 


/ • 


ba' — cb' cc' — aa ah'—he 

Hence the required condition is 

(ba’-cb')(ab'-bc’) = (cc'-aa')\ 

Solved Examples 

Ex. 1. F or what value of m can the equation lx* i- lo.v 
0 have one root j times the other. 

Sol. Let the roots be a and fa. 

Now, sum of’.he roots=a-f- fa= — 5. 

5a 
3 




or 


= — 5 


a— -3. 


')«# 

Also product of the roots=a . . 


3 


or 


or 


2a 2 

3 ^ 
-?-=« 


m 


(’•* *=—3) 


m— 12. 


Ex. 2. If the roots of the equation ax 2 -\-bx -hr = 0 differ by 
unity, show that a 2 — b 2 -\-4ac— 0. 

Sol- Let one root be a 
the other root is a-fl. 


30 


Now. sum of the roots = a + a-r 1 = — 


a 


or 


2a 


a 


which gives 


a= — 


a -f b 
:In 


c 

0 


Also, product of the roots — a(a-f 1) = 

Substituting the value of a in this, we have 

a+b / a+b \ c 
~ 2 a ' ia a ' 


or 


or 

or 


a+b a—b _ c 
la ' la ~ a * 
— (a 2 —b-) =<ka 
a - — b " ~r 4ca=0 


Ex. 3. If x i + ax-rbc = i) and x*+bx-t-ca=U have LWrilMon 
root, show that their other loots satisfy the equation VX v 

A 2 +fA+a/>=0. J 

Sol. Let a, be the roots of the equation *--rax+bc— 0, 

then we have .. v 

a-r £=-« 

and "• (2) 

Again, if a, T be the roots of the equation x* + hx--ca— 0, we 

h ave 

a+v =—b — 

and ay =ca f ^ 

Now a being the common root, we want to form an equation 
whose roots are (3 and y. 

Subtracting (3) from (1), we get 

p,- r =b-a " ( d) 

Also subtracting^ |4)^from^(2)^we get (6) 
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Substituting the value ol fi-y [obtained in <5; I in f(»), we 
have 

x(b—a)=c{b - a) 
or 7 .—c 

•*. from (2), p=b 

and from (4', y=a. 

Now the equation whose roots are and y is 

* 2 -(P-ty)*+Py=° 

of .v 2 — -\-ab-ti) 

Also y.=c is a root of x‘-+tfA-H>f=tJ 

(~- i -ca-rbc=0 


(7) 


• • 


or c = -(< 24 - 6 ). 

Hence (7) takes the form 

•V" -f- c x-r ah =0. 



4.3 Limiting Values 

\ Prove that Tor real values of a, the 
must lie between —1 and 


expression 


Sol. Let 


x '~— 3 a -j-1 __ 

2a 2 -3a+2 
or -2>ry-3xj+2y=x 2 - 3 v+ 1 

or {2_y— 1)a 2 — 3(- l).t+(2)>— 1) =0. 

If a- is real, the discriminant must be positive. 
t>.. 9(^-—1)2—4(2)-—1) 2 >0 

or 9)-— l8j»-f-9_Igy 2 —16>’—4>0 

or -7/-2>+5>0 

or +2y—5<0 

° r (7y—5) ( y-\~ 1) <o. 

or ! }< 0. 

Hence y must lie between —1 and 5. 


Ex 2. Prove that for all 

4*« -M ox cjn take al > 
and 


fl 4 

46 


Sol. Let 


3- 14-v—3x 2 
4y 2 1 5at 


real values of v, the expression 
values except those lie tween — 



°' 4m* 2 -f 15 mx= 5— 14.v - 3 a- 2 

or (4m [-3)**-f (15m -f- 14).v—5 =0. 

Since x is real, the discriminant must be positive. 
i.e. } ( l5m-f-14; 2 -f-20(4m-f 3 ) must be positive 
or 225m 2 -f-500 m-1-256 m ust be positive 
or (5m-f-4) (45m h 64) must be positive. 

Hence both the factors must be either positive or negative ; 
therefore m must be less than —lj and greater than —4. 

m must not lie between - 6 ‘ and 


Ek. 3. Show that 


2x 2 -f-4*-f- 
.v 2 + 4v-f-2 

real values for real values of -v. 


is capable of having all 


Sol. Let 


'2x* f 4 aS 1 

•> ri —r r» ~ m 
x - -4.x-f-2 


or (2 — 4(1 — m)*+(l — 2m) =0 

Since x is real, the discriminant must be positive. 

i.e., 16(1 — m) 2 —4(2 — m) (1 —2m) must be positive. 

i.e., 4(1— m) 2 — (2—m)(l— 2m) must be positive. 

i.r.,*2m 2 —3m-f - rnust be positive. 

i.e., 2(m 2 —fm+1) must be positive. 

i.e., 2{(m-!•)*+&} must l>e positive. 



Now the quantity is positive for all real values of in. Hence 
m, i.e., the given expression assumes all real values for real values 

of the variable. 
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VJ 


1. 


2 . 


EXERCISE IV 

If-the equations x 2 -\-ax+b =0 and x 2 -]-bx-\~a =0 have a 
Common root, prove that either a—b or < 2 -f -6 + l= 0 . 


If the expressions a 2 +9*-fm and x 2 H-12;^-4m have a 
common factor, show that m= 0 or 8 . 

^Jf^the difference of the corresponding roots of the 
equations x 2 — px + 9=0 and x 2 — qx-\-p=0 be the same, 
show that p+q- {-4=0. V 

Fjnd the condition that the equation ax 2 + 6x+c=*0 may 
have one root equal to the square of the other. 

The roots, a and 3> of the equation ax ‘ 2 +frx+c=0 arc 
connected by the relation a ==23 + l, show that 

a 2 —ah — 'lb 2 +dac =0. 




5. 


0 

H 


or 


<l-s 

r-p 


. Find the condition that one of the roots A 4 +j>x+g=:0 
may be n times the other. 

If the difference of the corresponding roots of the 
equation x 2 +/>x+g =0 and * 2 + qx+p=0 be the same, 
prove that£+ 9 +4=0. 

equations .\ 2 +/>x-f -?=0 and x 2 +r*+j=0 have a 

common root, prove that it is either P S ~ - r ? 

q-s 

What relation must exist between the constants of the 
rv‘ equation x 2 -\~px+q= 0 in order that the sum of its 
roots may be equal to three times their difference ? 

(S*rf Find ^the condition that the roots of the equation 
\ Jy ty~^ 'ax 2 -hbx-}-c=0 may bear to one another the ratio of 

3 * 4. 

(fi). What is the condition under which (i) one root (ii) two 
rogis of the equation ax 2 +fo;+c =0 may„b s e zero ? 

f the ratio of the equation a 2 ^+« 7 =0 t?e equal to the 
ratio of the roots of the equation .v 2 +/*+m =0 then 
prove that p 2 m=l 2 q. ' ** , 
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^|p If the ratio of the roots of the equation lx 2 -\-nx-\-n —O 




be p s q. then prove that 

'V f + V i + V t =o 


.14. If X be real, show that the expression 3x 2 +6x+7 can- 
* not be less than 4. 

y J|5. Show,that 2x* - 6* +5 is always positive. 
flfoW^how that cannot lie between 2 and —2m 

• real values of a . 


x be real, 
and —A'. 




how that X Z ^es~ between 3 and £ for all real 




values of x. 



Find the greatest value of 2 x 2 +3x+& 


_ ~v? —--- for real valuer 




-of X. 


Revision Questions I 

I. Form the quadratic equation with rational coefficients- 

1 

one of whose roots shall be g-f-y'g • V-- 

Form the quadratic equation one of whose rools is 

_3+y« 

2-V5 * 



^ If a. P be the roots of the equation ax*—bx-\-b— 0 3 prove 

H that 

1 V? VIV?- v/ 
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A 4. The roots of x 2 —6x+c=0 are two ^«cf»secutive integers, 
. prove that b 2 —4c=l. ^„ '' 

5. If a, ft be the roots of x 2 — 3x-fl=0, find the equation 

H- 


whose roots are 


1+P 


1+a * 


-Jx^j a > P be Ae roots of the equation <r=0, find 

rr i the equation whose roots are (a—(S) 2 and (ct-f-(3) 2 . 

► 7. If one root of px 2 -\-qx+r=0 is Jour times the other, 
yvL , prove that 4$ 2 =25^r. 


8. If the roots of px 2 +2qx+,q=zQ are imaginary, show that 

the roots of qx*+ (q-r)x-(r+p-q)=0 are real. 

9. Find the equation whose roots are the squares of the 

roots of px*~qx+r. 


WJ-. If a, p be the roots of «x*+6x-f c=0, show that 

H ^-w+f=°- y 

11. If 1, co, to 2 are the cube roots of unity, prove that 

(0 (1—<o+<o 2 )(1H-w—(0 2 )=4. 

(«*) (H-o>-oi 2 )(co+(o 2 -l)(a) 2 -hl-6>) = -8. » 

(in) (1— <t)-f<*> 2 ) 3 — (1 -f-<o — <o 2 ) 8 =0. * 

{iv) x i +xy-\-y 2 =( x ~y^)( x ~^y). 

12. (0 Prove <ha t the nw, of «»+ta+c=0 are. rational if 

a~\-o-tc~O f a, 6, c bemg rational.^ 

(«) Show that the roots of the equation 
Y^- ( x ~~ a ) (*~^) + (*—6) (x— c) -f- (x~c) (x—a) =0 

^ and that they cannot be equal unless 

* * lf A e roots of the equation 2fo-f c=0 are real 

Yr^itSSssAiir^ 




are imaginary, 
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14. Show that:— 


«( 


-l + V-3 


)" )Vv 


(ti) a[- 1 + V-3] u +[ -1 - V -3] u =-2“. 

IS. For ' real [values of x, prove that the value of 

— cannot lie between —6 and 3. 


^2_2 x +9 

16. Find the limits to the value of the expression 
t for real values of x . 
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CHAPTER V 


•*' • Arithmetical Progression 

J>ef. A group of quantities in which each term is formed 
by means of a definite law is called a Series. 

5.1. Finite and Infinite Series. 

A Senes terminating at a fixed term is called a finite 

cal!edkniSteseri e e S ,henUmber ° fWh ° Se tert “ is ***« * 

which'ea£ e t^ An V Ari ‘ 1 r, etiCa ’ Pro S«- ession is a scries in 

which each term is formed from the proceeding one by adding 

CiUanti, V- J T his constant quantity is railed thf 

b > 

generally denoted^by^ A.'p!' “ ^‘^etical Progression is 

The following are the examples of an A.P 

*. 2, 3, 4, 5,. 

10 > !. -2, -5. 

a, a+d, a+2d, a+3 d, . 

~pS,Sr"“ ° r ,l, “' “ H “ «• i. -»«d. 

K*? t’ V' :i ‘ Wh "' dil U " difference, 

T l=a + 1 1 ^^° mmon difference. 

T 4 =a+ 3 rf-T 1 +/'4 difference. ! 

4 + "“ T i+(4-1) X common difference and so on. 
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Hence T^Tj-Hn-l) X common difference 

=<z+(n— l)d. 

Solved Examples 

Ex. 1. Find the 7th, 11th, and pth terms of the following 
•cries 5, 8, 11,. 

Sol. Here a =5 and d= 3. 

T 7 =a+6d=5+18=23 

T u =fl+10d=5+30=35 

and T # = a +(/>-l)d=6+(/.-ljx3 

=3/>+2. 

Ex. 2. The rth term of a series is 4r+l ; find the 8th term 
of the series, and show that it is an A«P. 

Sol. Here T r =4r+1 

Putting . r=l,2,3,.we get . / 

^=5 

T 2 =9 

T 3 =13 


the series becomes 

9, 13, .which is an A.P.. so that a— 5 and d 4* 

Hence T,=a+7d=5+28=33. • * P be 10 

Ex: 3. If the 11th and 23rd terms of a senes m A.P. be 
and 28 respectively, find the 16th term. 

Sol. Let “a" be the first term and "d" the comm 

difference. in —oft 

T 23 =«+22rf=28 or «+«£» 

and T n =o+10rf=10 or a+\0d-l0 

Solving these two equations, we get 
, j _i_a_a and o=—6. 

Hence T^o+ie^+^xi^ 
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Ex. 4. If^th, 7 th and rth terms of an A.P. be x,y, z, show 
4 hat (q— r)x+(r— p) y+(p—q)z=0. ' : 

Sol. Let a be the first term and d the common difference. 

i W % v 


■get 


Tp—a-\-(p—\)d= x 
T< ? =a+( < 7 — \)d=y 
T r =<z+( r-\)d=z 

Subtracting (2) from (1), we get 

{p-q)d—x~-y 

Similarly, (< q-r)d=y—z 

and {r-p)d--^z x 

Multiplying (4), (5), and ( 6 ) by 


A 


-(2 

--(3) 

...(4) 

..,(6 

•••(«) 

and respectively, we 


{p-q)dz-={x--y)z 
(q~r)dx~( y—z)x 
and (/-/>)//?=(<:-. v )j. 

Adding these, we get 

<t\-(p-q)z+(q r r)x+(r~p) y]=xi~yz+yx- X i+zy-xy 
or (p-<])z-r(q-r)x-\-(r-p)y={). J J 

EXERCISE V 


2 

3. 


S. 


Find the first eight terms of an A.P. whose first terra is 
•* an d common difference is 2 . 

Find the 12th and nth terms of the series 2+5+8+. 

Find the 10th and the />th terms of the series 

10 + 8 + 6 +. 

The nth term of an A.P. is 3« -1 ; find the series. 

Which term of the series f+l + lj +. \ s 3 ? 

Prov^thaUt^fh ttm is m^p!* ^ U W ’ 

Find how many terms there are in the series 
-3+3 + 9 +.+ 117 . 

If there are 60 terms in an A.P. of which the first term 
is 9 and the last term is 186, find the 41st term. 

The nth term of the series 9+7+5+. is the same 

as the nth term of the series 15+12+9+.. .. F^dU. 
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10. Show that if the nth term of a series be an expression of 

the first degree in n, the series is in A.P. 

[Hint. Let T„ =a+£n} 

11. In an A.P., the sum of first three terms is 21 and that of 

5th and 6th terms is 42, find the series. 

5.4. To find the sum of an A P. 

If we are asked to find the sum of first 10 natural numbers, 
we will do so as under :— 

Let S be the required sum 

/. $=1+2+3+4+5+6+7+8+9 + 10 -(D 

Also S= 10+9+8+7 + 6+5+4+3+2+1. -( 2 > 

Adding (1) and (2), we get 

2S =\ i+n+u+n + ii+ii+ 11 +H+H+ 11 

= 10x11 

s= ™2i±L =55. 

5.4.1. Exactly in the same way, we will he able to find ^he 
sum to n terms of an A.P. whose first term ,s "a and d the common. 

^LeT'the last term i.,, the «th term be /, and S be the required 
S ’+ S=a+ (a+d) + (a+2d) + . + {l-2d) + (l-d)+l. 

Also S=1+ (l-d) + {l—2d) + + (»+2d) + (a+d) +a. 

Adding these two equations, we get : 

2S =(a+l) + {a+l) + {a+l) + ■■■— to " terms 
=n(a-\-l). 


S= | («+<) 


...( 1 ) 


Now l=T„=o+n-l d. 

Equation (1) becomes j 

S= £-(2a+n—ld\y 


• ••( 2 ) 
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Equation (1) is used when the last term is given, whereas 
equation (2) is used where only the number of terms is given. 

Solved Examples 

Ex. 1. Sum the series 5, 9, 13, . to n terms. 

Sol. Here a= 5 ; d= 4 

S n =-| (2<z+«-l d) =-1(10+^14) 

= |-(4n+6)=*(2n + 3). 

the feries ThC SUm ° f ” tenns ° f a series in A,P * is n2 + n > find 


s °l. • S n =n 2 -f-fl 

s n-x=(»-l) 2 +(n-l) 

T "~2n —{(«—l) 2 +(n—1)} 

req u ired”scries. 2 ' 3 ’. WC get 2 > 4 > 6 > 8 >. which is the 

9 •• 

Sol. Let a be the first term and i the common difference. 

‘ •*+«/= 15 ■ 

and a+4«f=2a 

... Saving these equations, we get 

TT ^= 3 . 

Hence s ao—¥[2x 12+(20— 1)31 

= 10(24+57) J 

. , =810. 

* • • • i 

exercise VI 

1 Sum 2, 3i, 44.to 20 terms. M 

2- Sum 49, 44, 39,.to 17 terms. 

£ !. A.to 19 terms. 
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4. Sum 3.76, 3.6, 3.25.to 16 terms. 

5. Sum a—3b, 2a~5b, 3a—lb, .to 40 terms. 

Sum 2a—b, 4a— 3b, 6a— 5b, .to n terms. 

v JM/Sum the series :- 

V+ '(0 72+70+68 -f .+40. 

' v (it) 101+99+97 + 95+.+47. * 

(Hi) 51+60+49+.+21. 

a. .-8.^ Sum the series 


VA 


<fV <i-i)+(i-i)+<i-j-)+ 


to n terms. 


I '9. How many terms of the series 5+7+9+. r must be 

taken to make the sum 140 ? 

10*JrHow many terms of the series —3, —la. 6, l4...<.*must 
0' be taken to make the sum 225 ? 

it. The first'term of a series in A.P. is 2 and the 5th 
term is 7. Find how many terms must be taken, 

/ w that the sum is 63. 

12. Find the sum of n terms of a series whose nth term is 

3n—5. 

13. v The sum of first n terms of a series is 2n 2 +3n. Find the 
j\ | series and show that it is an A.P. 

^ If the /nth term of an A.P. is and the nth term is 

-- , show that the sum of mn terms is £(mn+l). 
m 

15. In an A.P., the sum of first 7 terms is 10 and the nex 
2 terms is 17 ; find the series. 

\ Jl 6^If S 3 are the sums of n, 2n and 3n terms respect 
. iMy of an A.P., show that 

r l Jr 









17. 



A class consists of a number of boys whose ages arc in 
A.P., the common difference being 4 months. If the 
youngest boy is just 8 years old, and the sum of the 
ages of all the boys is 168 years, find the number of 
boys in the class. 

18. A, an employee in P.W.D., started contributing towards 
G-P. Fund at Rs. 10.00 p.m. from January, 1963. He 
has decided to enhance this rate of contribution at 
Rs. 5.00 per month at the beginning of each new year. 
What amount will be at his credit at the end of 1982 
if he accepts no interest on the money he is going to 
deposite from time to time ? 

5.5. Arithmetic Mean. 

Def. When three quantities are in A.P., the middle one is 
said to be the Arithmetic Mean between the other two. 

For the sake of brevity an Arithmetic Mean is denoted by 
the letters A M. 


5.5.1. To find the Arithmetic Mean between two 
quantities “a” and “b’\ 

Let A be the required A.M. ; then a, A, b are in A.P. 
A—a=b—A 

Each being equal to the common difference. 

2A=a-\-b 


which gives A — 


a~\-b 


Thus the A.M. between two given quantities is obtained by dividing 
the sum of these two quantities by 2. Or , in othgr words , it is half the 
surr h/t these two quantities. 

\jr 5.6. To insert n Arithmetic Means (or A.M.’s) bet- 
'ween two given quantities. 

- _ a ’ an ^ be two given quantities, and let n Arithmetic 
Mean be A lt A 2 , A 3 ,.A n . This mean that a, A 1} A*. A 3 ,. 

A,, b are in A.P. with n+2 terms. Let “rf” be the common 
difference ; then 

^ =r ^ , (n+-2) — £*j-(n-|-l)d 
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which gives d— 


b — a 

n+1 


Ai —T 2 =#+</= a+ 


b—a 
n+1 


— 'r _ ....... *(*-«> 


A 2 =T 3 — a+2</=<z+ 


n+1 


A 3 =T 4 = « + 3rf= a + 3 ^y } 


A„=T (n+1) =n+n</=a+ 


n(b—a) 
n+1 


Hence the required means are 


b—a 2 {b—a) , 3 {b—a) 

fl+ —r-^, A+ 7TT“i " , « + 


n + 1 


n+1 


n+1 


Solved Examples 

Ex. 1. Insert an A.M. between 5 and 7. 

Sol. Let A be the required mean. 

Then 5, A, 7 are in A.P. 

or A—5=7 —A 

or 2A=7 + 5= 12 

>.*. A=¥=6.- 

• Ex. i^s^Vhat can be the value of n in order that 

(2 "+i + 6»+ 1 V v ^‘ 






may be an A.M. between a and b ? 

I , < Z '* +1 + 6' ,+1 <7 + 6 

Sol. We have 


n(b—a) 
n + 1 



or 

or 


n”+6 n “ 2 

2a n+1 +26’* +1 =fl n+1 +a6' , +fl' , 6+6 n+I . 

a n+i _ a nb=ab n —b n + l 


* 
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a n (a—b)—b n {a—b) 
a n =b* 

<-*->•—a >’ 

n= 0- 

Ex. 3. Insert 4 Arithmetic Means between 6 and 21. 

Sol. Let A ls A 2 , A® and A 4 be the required A.M.’s 

6, Aj, A 2 , A 3 , Aj, 21 form an A.P. in 21 is the 6th terra. 
Let d be the common difference, so that 

21 —T 6 —6+5<f which gives d= 3. 

Hence the required means are 9, 12, 15 and 18. 


or 

or 

or 


1 . 

2 . 
3. 

A 

s/ 5. 




5.7. 


EXERCISE VII 
Insert an A.M. between 6 and 8. 

Insert 5 arithmetic means between 1 and 19. 

Insert 19 arithmetic means between 32 and 2. 

Insert x arithmetic means between x 2 and 1. 

Prove that the sum of n arithmetic means between a and 

is n tunes the single arithmetic mean between a 
and b. 

Find the ratio of the sum of n arithmetic means between 

a and b to the sum of m arithmetic means between the 
same. 

Miscellaneous Methods and Questions. 


tions on A.P.^nd *giving some^he 1 ™ 5 h a™ important ques- 
lot in solving questions of misrell r met h°ds which help us a 

the student is advised to couund tTfoffig 

W IfthreC “ A.P., they should be taken as 

“ a, a , a-\-d. 


( ") If f ° Ur tCn “ ar ' in A f- ‘hey should be taken 

a-ddy a—d, a+d y <z+3d. 


as 
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(: Hi) If five terms are in A.P., they should be taken as «, 

a— 2 d, a—d, a, a+d, a-\- 2 d. 

(iv) T n =S„-S ft _ 1 . 

Note on (i), (ii), (iii). 

Whenever we have to take an odd number of terms in A.P., 
it is advisable to take “a” as the middle teim and “d” as the 
common difference. If the number of terms is even, then the 
two middle terms should be taken as a—d and a-\-d and 2 d as 
the common difference. 


Solved Examples 

Ex. 1 . The sum of three numbers in A.P. is 27 and their 
product is 504, find them. 


SoL 

Let the numbers be 

a—d, a, a+d 

Now 

a — d-\-a-\-a-\-d =21 

or 

II 

• 

• • 

a —9 

Also 

(a—d) XaX (a+d )=5 04 

or 

a(a 2 —d~) =504 

or 

9(81-rf 2 ) =504 

or 

81 —d 2 =56 

or 

d *=25 

• 

-H 

II 

"o 

Hence the numbers are 




[V a=9) 


4, 0, 14 or 14, 9, 4. 

„ , Xhe sum of m terms of an A.P. is the same as the 

VA®*; ; crms show that the sum of m -f n terms is zero. 

A°o!. the first term and d the common differeace. 

S„=y [2n+(m-l)d]a: 

s.= H 2 ‘ ,+(B_1)rf ] 
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By hypothesis 

-f-[2a+(iM-l)d] = ![ 2 a+(n-\)<l ] 

or 2am+m 2 d-md=2an+ n 2 d-nd 

or 2a{m~n) +d{m 2 ~n 2 ) =0 

or ( m~n)[2a+(m+n)d~d]=0 
or 2o+(m+n-l)t/r=o 

Now S w+n = 

* + 2- X0=0. 


/ 2 

arc^o *** in A P - P ro - *at 6+c, c +a , „+» 

Sot (0 Let 6-fr, a-\ b, be in A P 

then = 

or a—6=6 c . 

or b~a~c~b 

r* which is true. 



If * 2 , y z , Z 2 are in A.P., show 


that 


•*v 


X 

.y-h-c 


Z+X • 


—are also in A.P. 


^ LCl J+Z ’ <+* ’ and be ^ A.P., then 

y+Z ’ 1 + 7+X and 1 + y+y must also be in A.P. 

_*+J>+z_ x+j+ z 

y+Z * «+* » ~~x+jr are also in A.P. 

1 1 


or 


This means that —L- 

y+z » <:+* ’ 3 h-/ arc ako i* A.P. 


Is 





or 


1 


P-% 

1 


Z+x 


- ft - b j +b 

w - ' '""' * 


or 


or 


or 


]Atl(L4-l PL 

■tlo - .f duj-* 

fab - bf, +b 


& 


y+Z "" x+y Z+X 
J+Z-Z-X z+x-x-y 

(x+z)(y+z) (x+y) (z+x) -V ^ 

y~* __ z-y 

y+z x+y 
f-x 2 =z 2 -y 2 

or* 2 , _y 2 , z 2 are in A.P., which is true. 

EXERCISE VIII 

l^The sum of three numbers in A.P* is 21 and their 
product is 280. Find the numbers. 

,2^The sum of three numbers in A.P- is 15 and the sum of 
^ their squares is 83- Find them. 

The sum of four numbers in A.P. is 28 and the product 
first and fourth to the product of second and third 
as 5 : 6. Find the numbers. 

Find 5 numbers in A.P. whose sum is 25 and the sum 
of their squares is 135. 

The sum of m terms of an A.P. it to the «nan of « terms 
as m 2 : n 2 , show that mth term is to the nth term 

c be respectively the sums of P , 9 and r 16,1118 of 
an A.P., prove that 

± ( q-r) +j(r-p) +y (/>“?) =°- 

IfTs, Sj,......S* be the sums Of « — of arithm^dc 

X^ts^^-vaiueof 

S,-fS 2 +S 3 +.+ s *- 


4. 


Si 







fH/ 


p- f-<v 


?' <v 


4y ' 


a+k - 

P (4-b) 


Q ^The pi h term of an A.P. is a and the ?th term is b, 
^ show that the sum of the hi st (p-r») terrns 1S 


YAr 


/> + <? 

9 


[- 


b + 


a — b 


] 


V 


0- Fifld the sum of all integers from 1 to 2(10 c*dudih^ 

^ those that are multiples of 3 or 7. 

11,-The sum of a series upto n terms is 2#* 4 +/i+5. Find 
the series. Is it an A.P. ? 

The first, second, and the last terms of an A.P. are 
n respectively a, b fiand c, show that the sum of the 

^ . . (a+c)(b+c-la) ^7 I 

series is " 2(b-a) 'f V 

AvllT’a, 6, c are in A.P.. show that 
^ f (i) a 8 (b+c), 6 2 (c-f a), c*(a+b) are also in A.P. 

(,*j) -L. — . are also in A.P. ^ 





be 


ab 


\ 



( 


1 


1 



Z+x 9 x+y 

y_ z_ 

+* ’ *+? 


are in A.P. 


l 


are in A.P. 




<« > 

"If the roots of the equation (6— c)x 2 -f- (c—— 6=0 
are equal, show that a , 6, c are in A.P. 

| a, by c are in A.P. and p is the A-M. between a and b 

| and q is the A.M. between b and f, show that b is the 
A.M. between p and q. 

17. If S. be the sum of first n terms of an A.P. whose 
. common difference is b, show that 

S B -2S n+1 -fS n+2 =6. 



CHAPTER VI 
Geometrical Progression 

Proprpsshnn , Quantit ‘ es are ^id to be in a Geometrical 
Progression when each is equal to the product of the preced- 

mg term and a constant factor. This common factor is called 
1?”“°“ rat u° °J - the SCries and is found by dividing any 

term by the one which immediately precedes it. The following 
are the examples of series in Geometrical Progression : — 

1+2 + 44-8 + 16 +. 

1+2+1+8+. 

a+fly+ay 2 +fly 3 -j-. 

1-2 + 4-8+16- . 

It is easy to see^hat the common ratios in the above examples 
are + *, . ^ — 2 respectively. For the sake of brevity, 

( jeometnc(uJ}r6gression is written G-P. 

riow to find nth term of a series in G.P. whose 
first term is a and “y” common ratio ? 

Here the series is as follows : — 

fl+aY+<2y 2 +ay 3 +. 

If we examine this series, we find that 

T 2 =<2y=flY 2_1 
T 3 =ay 2 =fly 3_1 
Ti =ay :i =ay <i ~ l and so on 

.*• T„=ay n ' 1 . 

Thus theipdex of y is always less by one than the number which 
ddermivesjt/i^position of the term in the series. 

_ _jeim a ^ n 1 lS c?1 H ed tbe General Term of the series 

because we can get different terms by giving different values 
to n. 
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lA- 


K ir>A. 



In the series a-{-ay+ay 2 -\-ay 3 . 

T n =ay n ~ l . 

From this we can get T 15 as <zy 14 > T 6 as ay A , T 8 as ay, etc., by 
putting «=15, 5, 8 etc., respectively. 

Solved Examples 

From the series .34- 9 + 27 + 81 +. find T 8 , T 10> 

amT T„. 

Sol. Here a=3 ; y = 3 
Also we know that 

T„=aY n “ 1 

Putting n= 8, a=3 and y=3, we get 

Tg=3.3 8_1 =3.3 7 =3 8 =6561. 

Similarly T 10 =59049 
and ^-T„=3". 



tehTtTterm is A. 


ind the series in G.P. whose fourth term is 3 and 


Sol. Let a be the first term and y the common ratio. 


ay 3 =3 

and 

From (1) and (2), we get 


V=C 3 4- 


...( 2 ) 


y 5 - 1 - 


3 2 


y=h 


Substituting this value of y in (1), we get 

a=24. 

Hence the series becomes 

2i > 1 2 > 6, 3,f, i 1, 44-4. 

EXERCISE IX 



he second and the 5th terms of a series in G.P. are 96 
and 32 £ respectively. Find the 7th term. 

' 2 ‘ of a G.P. is 2l£ and the second term is 

162. Fmd the series. ’ ' ' 
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4th, 7 th and 10th terms of a G.P. are a , b, c 
respectively, show that b 2 =ac. 

4. The 3rd term of a G.P. is and the 5th term g, find 
the 7th term. 

t 

5, Find the nth term of a G.P. whose 5th term is 5 and 2nd 
term is 8. 

Is £ a term of the series 16 + 8+4+..$^!^ 

7. If the nth term of the series l+2+4+8+. be the 

f same as the nth term of the series 256+ 128+64+.. 

v'find n. 

8. The 3rd term of a G.P. is the square of the first, and the 
5th term is 64 ; find the series. 

9. Which term of the series *y^ 


x \ _-l- 

4 » 8 > 16 ) 


•••(I) 


...( 2 ) 


2> —4» 8 > 1 0>.tS 2 8 0• 

/"*RK If x, y, z be respectively the />th, <?th and yth terms of a 

7^1 \ b.P., show that x 1 ^.y y ^. z, q =1- 
6.3. To find the sum of a ; 4omber of terms in 
Geometrical Progression. 

Let a be the first term, y the common ratio, n the number of 

terms, and S the sum required. Then, 

S = a+ny+ny 2 +ny a +.+fly' , -*+ay"~ 1 

Multiplying both sides of (1) by y, we get 
yS=ay+fly 2 +tfY 3 +.+ny-- 1 +nr 

Subtracting (2) from (1), we get 
(l+y)S=a—ay n =«(l ~Y n ) 

„ fld-y) ...(3) 

o =—j-—— 

Changing the sign of the numerator and the denominator in 

the R.H.S. of (3), we have 

c a(y*-l) ...(4) 

S= y-T 

_ „ , _ (o\ an( t (at give the sum to n terms of a G.P. 

. rh “ a id V the Lnon ratio. The formula (3) 

MW when y is ** *«” < h °« 


s= 


...(3) 


S= 
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Solved Examples 

Ex. 1. Sum the series 1 4-3+9-)-.- to 12 terms. 

Sol. Here a= 1 and y=3 which is +ve as well as greater 
than unity. ' 

. o «(t 12 -1) 1(3 12 —1) 

•* y — 1 - 3-1 

=I(3 12 —1). 

F.» 2. If the sum of n terms of a G.P. is 728, the common 
ratio being 3 and the first term 2, find n. 

Sol. Here 728= 

=3"-l 


or 


3"=729 



=3® which gives n=»6. 

Infinite Series. 

Series the number of whose terms is not finite are 


called infinite series. 


6.4.1. We shall now give the method for the summation of 
series in G.P. which are infinite. 

Let the series be a+fly+tfy 2 +ay 3 +. 

From Art. 6.3, we know that the sum of this series upto n 
terms is given by 

c -r") 

1-Y 

provided y is not positive and greater than unity. 

This can be written as 


o_ a _ a r n 

l-y “ 1-y * 

Suppose y is a proper fraction ; then the greater the value of 


I i • 

n, the smaller is the value of y", and consequently of 


1 y 


.Tim 
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means that by making n sufficiently large, we can make the sum 

of n terms of the series differ from by as small a quantity 

as we please. 

This can be stated thus :— 

The sum of an infinite number of terms of a decreasing G.P. 

a . n 

is ;-; or, more briefly, the sum to infinity is --. 

l ~y 1—y 

This can be explained by the following examples more 
clearly 


Ex. Find the sum of the series 1 + 1+J+ | + 
Sol. Here a=l ; y—\ 



to infinity. 


2”~i * 

Now as n becomes sufficiently large, it is easy for us to 

observe that becomes smaller and smaller, and when n is 

very large, the difference between S„ and 2 is very small, almost 
equal to zero. This can be expressed by saying that the sum of 
the series a + ay + ay 2 + ay 9 + to infinity is equal to 2 . 

Note. The word “infinity” is symbolically written as “oo”. 

EXERCISE X 

Sum the series : — 

1 . x+xy+x i y*+xf+ .to n terms. 

2. £+£+!+. to 7 terms. 

3 . — 2 + 2 £—3g +.to 6 terms. 

?T) 1+12+3+.to 8 terms. 

5 . 2—4+8—16+ .to 10 terms. 
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6 . 


1 


2 _ 8 
’ v 2 ’ 


to 7 terms. 


V2 ’ 

7. 1, y/$, 3,. to 12 terms. 

Q. The sum of first six terms of a G.P. is 9 times the sum 
of first three terms ; find the common rotio. 

9. In a G.P., the first term is 7, the last lerm 448, and the 
sum 889 ; find the common ratio. 

(Jseries : — 

■ i (*) (^+6) + (a 2 +26) + (a 3 -f36) +.to n terms. 

' (») a-f by-\-ay 2 +b^+ay 2 +by & + .to 2 n terms. 

(«*') x{x-\-y) -f^+y 2 ) -f-x a (x 3 +/)+.... ..to n terms. 

J / w|Sum the following series to infinity : — 

It. I,-1,1. 12. 3, V3, I,. 


5 » _ 8 

13. 3"\3- 2 ,3- 3 , 
15. 7, \Z42l 6,.. 


16. t2, 1, 

17. 1, — 2x, 4X 2 , -8X 3 , 


14. *45, *015, *0005, 

(where a> 1). 

’• (*<£). 


<T£* Simplify 


y 

•> 


x 1 

X* . X* . X S . to OO, 


19. If J>=l+x-fx 2 +x 8 +. (where x<l numerically), 

show that x == —— 

JV * 

20. Find the first term of a G.P. whose second term is 2 and 

sum to infinity is 8. 

6.5. Geometric Mean. 

„ D f f u When three quantities are in G.P., the middle one is 
called the Geometric Mean between the other two. 

Note. For the sake of brevity, Geometric Mean is written 

as G.M. 
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6-5.1. To find the G.M. between two quantities. 

Let a and b be the two given quantities and G. their 
geometric mean. Then, 

a , G, b are in G.P. 

G _ b_ 

a ~ G 

Each being equal to the common ratio ; 
or / . G 2 =ab 



which gives 


G —Vab. 


To insert a number of Geometric Means (or 
) between two given quantities. 

Let n be the number of means to be inserted between * and 
b, the two given quantities. Let these be denoted by G lf G v 
G 3 ,......G n ; then 

a, Gu G 2 , G 3 ,.G„, b are in G.P. with n+2 terms. There¬ 

fore, b will be the (n-f 2)th term and if y be the common ratio, 
we have 

b=ay n+1 which gives 


n+l 


'-<T> 

Hence the required geometric means are 


b \* +1 


G 1 =ay=<i (- ) 


b \" + * 


G 2 =ay ! =a( — ) 


G,=ay»=a( ) 


b \ n+1 




+ 1 





6-y.i. To show that the product of n geometric means 

between any two given quantities is equal to the nth 

power of the single geometric mean between the said 
quantities. 

L et a and b be the two quantities ; then the product of the 
geometric means a given as under : — 

— a 3 

/ b x"* 1 / b \»+i . i v *»+i 

a \~a) Xa (T) Xa (|) X. 


-<■£> 


1 + 2 + 3 +.. 

"+1 


n(*>+l) 

=k i r 11 - < i) 


=a n X 


b* 





Solved Examples 

Ex. 1 . Insert a G.M. between 4 and 16. V 
Sol. Here a =4 ; 6 = 16 

G= y/ 4x 16 = 8 . _ 

Ex 2 Insert 3 g eome tric means between 6 and 486. 

then ' ■’ G2 ’ ° 3 te the «“»"« «d y the common ratio ; 

6; Gl , G^bO., whose number of (crms . ^ 

y 4 =81 


or 
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whence y =3 

G 1 =fly=6 x3=18 
G 2 =fly*=6x9=54 

and /G 3 =fly 3 =6x27=162. 

3. What can be the value of n in order that 
may be a geometric mean between a and b ? / 


a 


”-i 


j_ b n + l 


a”-rb n 


Sol. Here 


a "+i -f6"+i 


= ■/ ab 


\J -0 


By cross-multiplication, we get 

n+\ b i + J b n + i =a n+ 1 +b' ,+ 1 
a »+l _ a n +h l =ah n+i —b n+l 

a n+i( a l_ ji) 

„ n +5=/, n+ * 



or 


or 

or 


or 

which gives 


<i)- +l -i-<T>° 


n= — i. 

EXERCISE XI 

1. insert a, geometric mean between 4 and 36. 

2. Insert a geometric mean between J and i» 7 . 

3. Insert 4 geometric means between 160 and 5. 

4 Insert 5 geometric means between 3jj and 40J. 

5. Insert 6 geometric means between 14 and -W- 

6A Insert two numbers between 4 and 18 such tha 
y / three " a y be in A.P. and the last three m G* 

• 7 / The G.M. between any two numbers is 8 and 

r find the numbers. .. . . 

8. / What quantity must be added to a, b, c to bn g j 

^ into G.P • ? 
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^f T s tn° f ,V he " VO c l uantities is « times their G.M., 
/. show that the quantities are in the ratio of 

\/ («-f--\/« 2 ~4) : (//— —-i) 

10. Insert ithree numbers between 2 and such that the 
first four may be in A.P. and the last three in G I\ 

6.7. Miscellaneous Methods and Questions. 

important quVtbnsol' 6 mi 1 ' We P ro P ose to solve some 

will give a lew ; ni nnrr,?? clIa neous type. Simultaneously, we 

to solve many other iml lo, mulae which will enable the student 
this connecter ^ m P°«tam questions without difficulty, h, 

hints to memory - Cnt ,S adV,Std lo commit the following 
(,,) If ,Y? have to take ™ odd number of terms in G P it 

taken as * , a, ay. 

(») If we have to take an even number of terms in G.P., 
they can be conveniently taken as * - , ‘ , ay , a ,a with 

T 3nd ay “ middl " terms and y 2 as the common ratio. 

Solved Examples 

Ex. 1. Find three numbers in G P j 

whose sum is 13 . * wtlose product is a 7 and 


Sol. Let 


, a, ay be the number: 


Also 


— Xaxay=27 

a *=27 
«=3 

+ a + ay=13 
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or fl - (l+y+y 2 ) = 13 

y 

or 3(l+y+y 2 ) = 13y 

or 3y 2 -10y+3 = 0 

which gives y=3 or {. 

Hence the numbers are 1, 3, 9 or 9, 3, 1. 

Ex. 2. Iffl, b,c t A are in G.P., show that Vjj-f, 
c* + </ 2 are also in G.P. ^ n / 

Sol. v fl, b t c , are in G.P., we have ~ =~J = c — r 

where y is the common ratio. 

b=ay, c = by=ay z , d=cy=ay 3 

Now if a 2 +6 2 , £ 2 +c 2 , c 2 +<* 2 are in G.P., we must have 

6*-ft 2 c 3 +</ 2 
"oM 1 ^ 2 " 6*+«* ' 

fr 2 +c 2 aV+flV ? 

L.H.S.= a^+fl'^y 2 

B 2 
R.H.o.— b*+c z 0 * 7 *+ 

Hence L.H.S.=R.H.S. 

. Fx 3 Sum up to n terms the series A a , 

** 3 + 33+333 + 3333+.^Y 

% ** 
i a it w 

+• ' Let S be the required sum, then i 

S =3+33+333+3333Hx.to n terms 

V =3 (1 + 11 + 111 + 1111 +.tonterms 

^| (9 4.99+999+9999+... 7 ton terms) 

=f{(io—1)+( 102 — 1 )' + '( 10 1) “ H( — 0 4-'(io—0> 

=f {(10 + 10 2 + 10 3 +.ton terms) — n} 

3 r io(io^i) \ 

-il io-i / 
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= H 9° ( 10 "- 1 ) -*} 

Note. This question and other questions of this type can be 

solved by one more method to be explained in the 
, next chapter. 

Ex. 4. In a G.P., if the (m-fn)th term be p and (»/—n)th 

term be q, prove that mth term is y/ pq. 

Sot Let a be the first term and y the common ratio ; then 

T m + n =ay w + n ~ 1 =p i 

and T m . H =ay m -'-'=: q Aa/|^ x 

Multiplying, we get » 

a i y 2m - i =pq 

or «y*“ 1 =V^=T* 

which was to be proved. 

/ EXERCISE XII 

I. The product of three numbers in G.P. is 64 and the 
sum of their products in pairs is 66. Find the number. 

■ The product of three numbers in G.P. is 216. and the 
a sum of their products in pairs is 216, 6nd the numbed 

'■ 3 ' " umbere in G.P. whose sum is 19 and the 

sum of whose squares is 133. 

4. The sum of four numbers in G.P U An 

,, . the **- % e pti 

V^f^'M'hrcc numbeni whose sum is 16 are in A P • if 8 6 4 
A J Slt raPCCt ' V " y ' ,hCy wiU be in' G.P. 
nfrne series to n terms :_ 

(,/(») ,5+65+565-f. 

^ W 74,77+777+. 

(m) '9+’99+*999+. 

V c \/v* 











f a, b , c be in G.P. and x,y be A.M. between a, b and 
b, c respectively, prove that T— 


9 1 1 

T—x+, 


> / 



2 = * 
A 


C 

+ y # 


c be in A.P. and a, £ in G.P., prove, that 1 
x b . y c . z a = a* • y a . /. 

f />th, ^th, yth terms of a G.P. be a, y, z respectively, 
prove that sty 

x q ~y . y*~ p . Z p ~ 9 — 1. ^ 1 ^ 

?th, rth leans of a G.P. be rthepiselves in /C.P., 
sjiow that /», < 7 , y are in A.P. \|\a V ’ 





If />th term of a G.P. is P and qth term is Q,, prove that 
the nth term is / 

—L __ ' 

/ p"-» V H 

I Y ’ \Q^ - P ) ^ sV 

12. If a, b, c, d are in G.P., show that a 2 -j-6 2 -f-c 2 , ab+bc+cd, 
S b 2 -\-c 2J rd 2 are also in G.P. 

13. If a, b, c , d are in G.P., show that (<H -b) 2 > (b-\-c) 2 t 
{c-\-d) 2 are also in G.P. 

14. If a, 6, c i d are in G.P., show that 

(a+b+c+d) 2 ={a+b) 2 +2(b-\-c)-+(c+d)\ 

the A.M. between two quantities a and b be twice the 

J G.M., show that \f\J\T 

a a : b — { 2+V3) s (2 \/3). 

\ If S., So, S ;i be the sums of «, 2 n and 3ft terms of a G.P., 
orove that S^Sg—S 2 )—Sj — S 2 . 

17. a. 4, « are in A.P. and * andjV are the geometric means 
XL between a, b and 6, r respectively. Prove th 
the A.M. between a 2 and/. 


15 
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G 2 = (2p-q)(2q- p) ' 

The two quantities of which A k 
and G the geometric mean are gn en bl'T"' mean 

A±V(A+G)(A-G). \S 

In an infinite eeometnV 

and e ,h tlmeS thC SUm all '-he ,Trr‘ 'T e< >“ al ,f > 

and the sum of the first two t, Vvhlch it 

sum of the series to infinity. 0 e ™ S ,S Jr> ‘ F ”’d the 
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CHAPTER VII 
Harmonical Progression 

7.1. Def. No. (1). Originally, the term, harmonic division, 
was applied to the division of a straight line AD in three parts 
by the points B and G 




Such that 


AD AB 
DC ~ BC * 


This result may be algebraically expressed thus 

Let AD=a, BD=6, CD=c, then the above ratio becomes 

a a—b 

c = X^~’ 

Thus three quantities are said to be in Harmonical Pro 
gression when the ratio of the first to the third is 
ratio of the difference of the first and the second to the ditterence 

of the second and the third. 

Note. For the sake of brevity, Harmonic Progression 

written as H.P. _ 

7.1.1. To show that the reciprocals of the quan 
in harmonic progression are in A P. 

Let a, b, c be in H.P., then 

a a —b ...(Article 7.1) 

c ~ b—c 


or a(b—c)=c(a—b) 

Dividing both sides by a b c, we have 

b—c _ a—b 
~bT~ “ ab 
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or 


1 

c 


1 

c 


1 

b 


1 

a 


which shows that 


1 

a 


[ 

b 


— are in A.P. 

c 


1 .P e ^* No. 2- Sometimes the above property is taken as 
the definition of an H.P. and is stated thus : — 

Quantities are said to be in Harmonical Progression 
when their reciprocals form an Arithmetical Progression. 

Thus the following are the examples of series in H.P 

(0 l+*+i+i+. 

( 2 ) *+*+*+. 

(3) 1 + J + - 1 . , 

a a-\-b ‘ a~r2b ^ ' " 

V7.3. To find the nth term of an H.P. 

From the definition no. (2), it is evident that the nth term of 
an H.P. will be the reciprocal of the nth term of the A.P. Thus 

the wth term of the H.P. -- + i—j_ 1 ,_ 1 ,. 

yi /« I I J ”l _ | n ■ J - •••••• 


1 


a 


a+d 1 a-\-2d ^ a+3d 


* S a+(n — l)(f because the wth term of the series 
(a + 2d) + ( 0 -f 3 d) +.which is in A.P., is a-±-(n — l)d 

nr^e^i We “ 

sCui^caUlfy^eThaTlhe sum 'of nZZsT.Jnes TuP 
l’Z?nA.P. 6 rCCipr0Cal ° f ,He SUm of > he corresponding 

cannot 

qnaLL J s ° fiDd ‘ he harm0 “ C between two given 

Let a and i be the given quantities and H their harmonic 
mean ; then a , ~ , j are in A.P. 
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H 


or 

which gives 



Note •—This result can also be obtained with the help 
of the definition no. (1) under Art. 7.1. 

If a, H, b are in H.P., then 


or 

or 


a a —H 

b = H ~b 

aH—ab=ab—bH 

(a+b)H=2ab 

2 ab 


H= 


a+b * 


O' 


/ 7.6. If A, G, H are respectively the Arithmetic, 
'Geoinetric, and Harmonic Means between any positive 
real numbers, then ;— 


(t) A, G, H are in G.P., and 
(«) A>G>H. 

Let a and b be the two positive numbers ; then, 

2 ab 
aA-b 


(i ) A = - 2 4^-, G=Va6 ,and H 


a-\-b 2ab 
Now AxH=-j2' X n _^ b 

A, G, H are in G.P. 

(ii) A-G=-^ — y/nb = 

(y/a—y/bY 
= 2 


=ab=G 2 


a-\-b — 2y/ q}) 
2 


which is +ve 
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A—G>0 or 


f -■§ 


and 


A>G 

A>G 


G>H. 

Hence A>G>H. 

t e., A, G, H are in descending order of magnitude. 

7.7. To find n harmonic means between two riven 
[oantities a and b. S 

, iT " h ? rmo “ ic means are to be inserted between a and b 
numt)er of terms in H.P. wiU be a+2, and b will bet!*.’ 
( n +2)th term. The corresponding arithmetic progreLi™ 
obtamed by taking the reciprocals of these terms will also ran tain 

the same number of terms. Its first term will be ~ and the 

a 

1 


(n- f 2)th term 

o 


Let d be the common difference in A.P., then 

a~b 




or d— 


Hence the arithmetic means will be 


«£(n-f I) 


a 


+ 


a—b 


__L , 2(a~b) 

ab(n+\) ’ a + 


oA(n-fl) * 


i. . 

a «£(«+!) 


harmLtcmfans 6 redpr0CalS ° f ‘ h “ e ’ get the required 

Solved Examples 

Sol. 'S 3 harm ° n!c mea “ bctw «n 4 and 2. 

2 , the number of terr^^f b^comVs b between 4 ai 
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term in A.P. and £ the fifth. Let d be the common difference in 
A,P., then 

i=i+4 d 

or 4 d=\ 

or d— is* 

arithmetic mean will be 

4 + lV, 4 + A» 4 + A • 

Hence the corresponding harmonic means are 



1 6 8 16 

5 > 3> 7 • 


■a What is the value of n in order that 

•be a harmonic mean between a and b ? 

Sol. Here we have ' \J . 


a 


'i+i 


+ 6" +1 


<r" 4- b n 


- may 


,«+i 


+ 6* +1 




'V 


a n + 6 n 

or a ’'+2 +a i ) n + i+ a ’‘+ib+b' ,+2 =2a n + 1 b+2ab ,,+l 
or 


or 

or 

or 

whence 


a "+ 2 - a " +1 6 =-- fl ^ n+1 - &" +2 
a M+, (a— b)=b n+y {a—b) 

a n+l = b ’‘+l 

n= — 1. 


Es.(l> If and a, « are in G.P. Show that X.J, 

Z are in H.P* 

Sol. a*=6»=^=* M 

... a ^ k \r >b =ki ;c=k* 

Also, as a, >>, c are in G.P., we have 

which gives 

2 ii I L 

■L — , -g- lx + * 

k V =* * . A: =* 
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or 


2 = 1 -I 

y x z 


1 1 


x ’ y 9 


1 


are in A.P. 


Hence x,y, z are in H.P. 


1 . 

2. 


EXERCISE XIII 

Find the 9th term of the series 6 , 4 , 3. 
Find the //th term of the series 

9 1 ll 20 

- > A l x 'jj *>3) . 


3. 

4. 


J 

J 


Find the ;/th term of the series 2, I 4 , 1 , . 

The third _term of a series in H.P. is y, and the 7th 
term is Vf Find the first term and the eighth term. 

Insert a harmonic mean between 3 and 5. 

Insert 4 harmonic means between § and W. 

Insert two harmonic means between 5 and 1 1 

!, i’ b , C the geometric and harmonic means 
respectively, between two numbers, find them. 

If the harmonic mean between two quantities is to their 

IreTnH^ m< i an V ! 2 t0 13 1 prove that Uvo quantities 
are in the ratio ot 4 to 9. 

If o, b , c be in H.P., show that a : a— b=a + c : a-c. 

11 term o f a H.P. be equal to n, and the «th 

erm be equal to m, show that (m+/i) th term is 

mn 



m~rn 


If i be the harmonic mead between a and r, prove that 

_J__ , 1 1 1 

a r + 1 = — 4- — 


1 1 

b-a T b- c ~ a + c 


%^erS'7T i,ieS arC inserted »rith- 

\y liicuc means a,, A..,, two geometric r n ~ j 

two harmonic means H, and H a> show tha^ 1 ’ * ^ 

GiG s :H,H 2 =A i +A„:H 1 +H 2 . (P.U. 1959) 
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7.8. Miscellaneous Questions. 

We propose to conclude this chapter by solving some impor¬ 
tant questions. "The student is advised to study these carefully 
and with their help try as many questions as possible from 
exercise XIV. 

ViJTJEx. 1. If 2(y—a) is a harmonic mean between y—x and 
Jp—Z, show that x—a y y—a , z—a form a G.P. 

Sol. V 2(y—a) is a harmonic mean between y—x and 
y— Z, we have^y—.v, 2 ( y—a),y—a to be in H.P. 

y—x ( y—x)—2(y—a ) 
y-z ~~ 2(y-a)-(y-z) 

y—x y-z 

or 2 a-{x+y) (y+z)-2a 

/. (.><-*)[( y+z)-2a] = ( y—z) [ 2 a- (x+y)] 
or 2y i — 4ay—2xz—2a(x~hz) ' 

or y 2 —2ay+a i =a 2 —a(x+z) ~hxz 

or (j- a ) 2 =(a-x)(a-z) 

Hence x—a.y—a, z—a arc in G.P. 

Ex. ££) If a, b y c are in A.P.. and b , c, a in H.P., prove that 

[ • ./-in 


I* 


c+a 

Also, b , c, a are in H.P. 

2 ab 
c ~ a-\-b 

Multiplying (1) and (2), we get 

c +a .. 2 ab 


...( 1 ) 


...( 2 ) 


bc=-{ 


a+b 


or ac+bc=a 2 -\-ac 
or a 2 =bc 

which shows that b, a, c are in G.P. 
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Ex. 3. If a, b, c y d are in H.P., prove that:— 
\ .J (*) ab-\-bc-\-cd=Sad 

rand (») <z-fd>64-c. 


2 bd 


'and («) <z-fd>6-f-c. 

Sol. (i) 6= and 

' 6+rf 

Multiplying these together, we get 

l c _ labcd 
{a+c)(b+d) 

or ab-\-ad-\-bc- i rcd=±ad 
which gives 

ab-\-bc-\-cd—%ad. 


(ii) The A.M. between a and c is ■. 


a+c 

2 


Also 


A>H 

^P~>b 


or a+c>2b 

Similarly, b+d>2c 

Adding these, we get 

a+b+c+d>2b+2c 

<*+d>b+c. t 

E *(j- If a > c are in H.P., prove that 

__U_ _I_ 1 

«(*+«) » 6(c+ a ) » T( a -f6) " arc m HP - 

So1 * a > b, c are in H.P. 

. 1 1 1 

'* a • T * r arc m A.P. 

or 6c, ca, *6 are in A.P. 

or —6c, — ca, —a6 are in A.P. 

or ab+ca> ab+bc, bc+ac are in A.P. 

_ r , x ,, , . ( b y adding ab+bc+ca) 

or a(6+c), b(c+a)y c(a-f-6) are in A.P. 
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J 


{b+c) 5 />(<;+«) ’ c{a+b) areinHP - 


9- If the roots of the equation 
I ^”"7 — c)x 2 -l-6(c —a)A:+c(a— b)=0 

b<V ^qu|d, prove that a, b, c are in H.P. 

/ Sol. If the roots of this equation are equal, the discriminant 
must be equal to zero. , 

j^Vt- b-(c— a) 2 — 4=ac{b —c){a—b) =0 

or 2ac) — \.ac[ab—b 2 —ca-\-bc) =0 

or V) _ ^'(c 2 +« 2 +2cfl) -\-4a 2 c 2 —4acb(a-\-c)=0 

or ^ {b(c+a)} 2 +(2ca) 2 -2(2ac)b(a+c)=0 

or {b(c+a)~ 2c<z} 2 =0 

.... . 'lea 

which gives b— —. 

cha 

EXERCISE XIV 

1. r The sum of the reciprocals of three numbers in H.P. is 

12 and the product of the numbers is A* Find the 
^ numbers. 

2. /Fhe A.M. between two numbers is 2, and the H.M. is 

^ } ; find, the numbers. \J 

(5y If a , b, c are in H.P., prove that i\ 

r s /_! , 12 / 

1*1/b~ a b-c b- 

<■■( b+a b+c >/ 

T-a + b-c =2 ‘ ^ 

c are in H.P., prove that 
’ log («+c)+log (a + c-26)=2 log {a-c). 
lithe mth term of an H.P. is n and wth term be m, piove 

^ thal^(m+«)th term is . 

# If ar e Tn RR 3 "" *’ ‘ ^ ^ t£’Q*7 9 50XS’ 



73 


7*-^ Find the nth term of an H.P. whose first term is a , last 
term is c and m be the number of terms. 

(jrf The sum °* three numbers in H.P. is §5 and the first 
term is Find the numbers. 

If a, b, c are in H.P., prove that * ^ -, 

A b-\-c ’ r-ffl 

‘ are also in H.P. (Delhi H. S. 1954) 

1 ^ f A + p’ r+a ’" +i are in H.P., show that ab 2 , r 2 , are in 



If a, b, c are in H.P., prove that 


ik 


i +_j. • , _j_. i , i 

(i b-\-c ’ l> c-\-a ’ r a-[-b 
are in H.P. 


y 




/* h > ? th > f th terms of an H.P. be a, b , r respectively 

f \ P rove that ( /»-^)^+(?-r)k-f-(r-/»)rn=0. 
iC&Pif (P~*) _P~J p~? . 

ax ~ by = ~cz and f arc in AP -> show 
' ,^th at a:, z are in H.P. 

} y fa>h ’ c are in<A P - p> q ’ r in H p - a P> b i< g p.. 

t h a , {-+'=i+i/ (A tt /956) 

15. Ifa, i, f be inG.P., show that Iog,m, log 4 m, log.m are 
also m H.P. {p [/. yp 5 ^) 

^6. Show that the three numbers a, b, c are in A.P. ; G.P., 

^ or H.P. ; according as = — or =— or = ° 

o—c a b c 

» .^respectively. 

YC'tP' A e p" H ' P ' Pr ° Ve that a ( b + c '>’ b ^+«), t(a+M 

r \ are in A.P. (ZMM H. S. 1958) 

>5 If a, b , c be in A.P. ; b, c, d in G.P. and c, d, c in HP 
fV Prove that a, c, e are in G.P. 

(-D. <£. -W/, D«/Ai //. S. 1955) 


CHAPTER VIU 
Miscellaneous Series 


8.1. In chapters V, VI and VII, we have discussed Arith¬ 
metical, Geometrical and Harmonical Progiessions iespe< tively. 
In the present chapter, we shall discuss questions on series which 
do not belong to any piogressions ieferred to above. In most 
of the cases, we can sum up the series with the help of the 
general term. 

8.2. Arithmetico-Geometric Series. 

Def. A series each term of which is formed by multiplying 
the corresponding terms of an A.P. and a G.P. is called an 

Arithmetico-Geometric Series. 


For example, the series 

a + ( a +d)r+(a+2d)r*+(a+3dy-r .+ [a + (n-l)d]r''-\ 

is an Arithmetico-Geometric Series ; for each term of this series 
is formed by the product of each of the corresponding terms of 
the two series 



a(a d) (a-\-2d) (a -\-3d) .-}-{«(w 1 )d) 

and 1 -J-r-br 2 -f-r 8 -f-. -\-r n ~ l 

which are A.P. and G.P. respectively. 

8 2.1. To find the sum of an Arithmetic©- Geometric 

eries. c / 

Let S be the sum of the series 

a+(a+d)r+(a+2dy-h(a+3d)r :, + . + (a+n-\ d)r n ' 1 

Then we have 

S=a-\-(a-\-d)r-\-(a-)r2d)r t -\-{a-\-3d)r i -\- —.. 

+ {a + («-2)rf}r n - 2 +{« + (n-lV}r 
Multiplying both sides by r, we get 

rS=flr+ (a+dy+ (a+2<f)r a -f.+ {<* + 

-}-{a + (n— \)d)r 
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Subtracting second equation from the first, we get :— 

(1 — r)S=a-f-</r-Mr 2 +</r 3 -f-... . -j-dr n ~ 1 — {a+(n— 1 )d}r n 

=a-f dr(\ -j-r+r 2 -f-.to n — 1 terms) 

_-{<z+(ft-l)</K 

s _. ^(1-r"- 1 ) (fl-f-n — 1 d)r n 

•* l-r+ (1-r)* “ 1 — r * 

Cor. If r< 1 numerically, r’ 1 " 1 and r» tend to zero as 
7i-*oo. Hence sum to infinity in the case of the above series is 

a ( dr 
1^7 + ”(l-r)? ‘ 

Important Note- In the case of an Arithmetico-Geometric 
series where we have to find sum upto n terms, we must 
first of all find T„ and T,,-,, and also verify their 
accuracy invariably. 

Solved Examples 


Ex. 1. Sum to n terms the series 

l+4x+7x*-f 10xH-. 

Sol. Let S denote thesum required. 

Here T n =(l-f-n-^l 3)x f, - 1 =(3n-2)x’- 1 
and T n _ 1 =(3«—6)x n ~ 2 . 

S=l+4x+7x*+l0x*+.+ (3n— 5)x*~* 

-f(3n — 2)x’ ,_1 

Multiplying both sides by x, we get 

xS=x-f 4x*+7x 3 +.-f (3n—5)x"“ 1 

-f (3«-2)x" 

whence, by subtraction, we get 

(l-x)S=l-f3x+3x 2 +3x 3 +.+ 3x"- 1 - (3w-2)x M 

= 1 +3x(1+x+a^-|- .to n — 1 terms) 

— (3«—2)x" 


= 1+ ^(i=p__ (3n _ 2)x . 


s=^_ , SxU-*"- 1 ) 

l-* + 


(3h— 2)x" 

1-x 
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Ex. 2. Sum the series 

1 + (1 +6)r+ (1 +b+b*)r 2 + (1 +b+b'- -f 6 3 )r 3 +. 

to infinity where r and are proper fractions. 

Sol. Let S be the required sum ; then 

S = l+(H-^)r+(l-f6+^)r 2 +(l+^-f^+/»> 3 4- 

Multiplying both sides by r, we get 

rS=r-f (l-j-^)r 2 + (l -\-b-\-b 3 )r 2 -\- . 

Subtracting we get :— 

(1 — r)S = ] +br-T-b 2 r~-{-b 3 t 3 -\- . to oo 

1 

” l-hr 


to infinity l 2 +2 2 x+3¥+4V+. where 

Sol. Let S = l + 4*+9* 2 +l6* 3 +. toco. 

*S=*-f 4 a- 2 -t- 9* 3 4-. to oo. 

Subtracting, 

(l-*)S=l-f3*+5* 2 +7* 3 +. to 

Multiplying by x again, we get 

x(l — *)S=A:-f-3x 2 +5.x 3 -i-. to oc. 

Subtracting, 

(1—a) 2 S = 1 + -a-}-2a 2 +2a 3 +. to oc. 

= l+_ 2 *- 

1 — X 1 — X 

s- 1+ * 

(l-*) 3 • 

Ex. 4. Sum the series 

, 47 10 . 

1+ 5 + * 5 2 + 5 2 + 



to n terms. 














Sol. Here T„ = 


• ■ 


T„-,= 


3 n-2 

5 n-l 

3 72-5 


Let 


5 n- “ 
4 


10 


S=, + T+ 5W 53 + 


+ 


3 n —5 

ly--- 


1C 1 4 7 

-<S = — 4-- i - _L 

5 5 ^ 5 2 ' S 3 1 


+ 


3 w-5 

5 «-i 


+ - 


3n-2 
5" _l 
3« —2 


5" 


Subtracting, we get 


40 1 . 3 3 3 

JS = 1+ T+5i + ? + 


to « terms 


3m-2 
5" 


~ 1+ 5 ~( 5 ~+ ^2 +. t0 «— 1 terms) 


3«-2 

5“ 


1- 


= 1+ f- 


s_ 5 IS 

T + l6 


6" _1 

3«-2 

1-1 

5" 

1 * \ 

3«-2 

5 " _1 /“ 

5" 


, 

V 5»,-i ) 

5” 


35 l2n+7 


16 16.5"- 1 * 

EXERCISE XV 
the series to n terms :— 

1 +2a+3a 2 +4« 3 +. 

/1 ,,2.3.4 








78 


3 - 1+ ir ++ 


+±+l 4. ii+ 

+ 2 + 4 + 8 + 


5. +‘I. + 


Sum to infinity :— 

6. /l+3xj ? &jc z +lx i +<)x i + . jt <1. 

7 i,/? ,_Z 15 31 a. 

* 4 + 16 + 64 + 256 + . 

. .3 5 7 


2 + 4 + 8 + 


^/JHr4^+7^+. *<1. 

10/ l^K3x+0^ 2 + 10x 3 +.x<l. 

K /2 + 3 2 X + 5 2 * 2 + 7*r J +. x<1 . 

/1+ *■( i+*)+ *l(i+-+* s )+ $( i+*+^) 

where x<a. 

13. Show that 2 4 + 4 8 H-8 i «+ 16 s *"+. ad infinitum=2. 

8.3. To find the sum of the first n natural numbers. 

Let S=1 +2+3 + 4+.4 -n. 

This series is an A.P. whose first term is 1 and last term n. 

•** S== “2~( 

Hence the sum of the first n natural numbers is 

n(n-f-l ) 

2 \ 
Note. If we use the sigma (27) notation, this can be written 

«(«+!) | 

vT 8.4/lofind the su*fi of the squares of tl^e first *| 
natfefal numbers. / 
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Let S=l 2 -f 2 8 -f3 2 -f-. 

We know that 

J£3 — (*—» ) s ^3a^—3a +1 ...(1) 

Putting *=1, 2, 3.(n—1), „ i n (1), wc get 

l 3 —0 3 =3.l 2 —3.1 + 1 
2 8 -l 3 =3.2 2 -3.2+I 
3 3 - 2 3 = 3.3 2 - 3.3+l 

(n—l) 8 (n 2) 3 =3(n—l) 2 —3(n — 1 ) + 1 
>i 3 -(n-l) 3 =3 n 2 -3n+l. 

Adding up, we get 

k 8 =3(1 2 +2 2 +3 8 +.+« 2 ) —3(l+2+3 +. 

+n) -i -« 

or n 3 = 3S-3 — 

2 

3S=n 3 + — 

2 

= *^-[2n 2 -f-3(n-f-I)—2] 

= -" (2n 2 +3n+l) 

2 

S= w (”"^ J )(2 n-f I) 

6 • 

Hence the sum of the squares Mf « * 

» 4 oares *1 the first n natural 
numbers is ° ( n + 1 )(2 «H~l) 

Not }- Usin 8 s ‘g ma notation, this can be written as 

2n* = J? (”+I)(2n j-1) 

6 ~ • 

4 







so 


8.5. To find the sum of the cubes of the first n 
natural numbers. 

Let S = l 3 +2 3 +3 3 + .+n 3 

We know that ... 

x 4 — (a - — 1) 4 =4a 3 —6x 2 + 4x—1 ...(1) 

Putting a =1, 2, 3, . n— 1, n in (1), we get • 

l 4 —0 4 =4.1 3 —6.1 2 -}-4.1 — 1 
2 4 - 1 4 =4.2 3 -6.2 j +4.2- 1 
3 4 — 2 4 =4.3 3 - 6.3 2 + 4.3— 1 


(«—l) 4 —(n—2) 4 =4(n— l) 3 —6(n—1) 2 4-4(« —1) —1 
n A — («— l) 4 =4n 3 — 6n 2 +4n— 1. 

Adding up, we get 

;/ 4 =4(l 3 +2 3 +3 3 + . -f-« 3 ) — 6(l 2 +2 2 -f 3 2 +.+ « 2 ) 

+4(l+2+3+......+*)-» 

6n(/t+l)(2w+l) , 4»(»+l) „ 

=4b-« r o 


or n 4 =4S-«(a+l)(2n+l)+2n(n+l)-n 
4S=« 4 +n(rt-f l)(2n+l)—2n(n-f-l) + w 
=n[« 3 -H(w+l)(2n+l)-2(«4-l) + l] 

==n[n 3 -f2n 2 +3n+l-2w-2 + l] 

=n(»i 3 +2n 2 +») 

= »*(«+ 1) 2 

s = [ 

Hence the sum of the cubes of the first n natural 

. . r n(n-rl)“| 2 t 

numbers is I — ^ -J * 

Note, (l) Using sigma notation, we can write this as 


27« 3 ^=[ 


n(n + l) 


]• 








(2) Questions on the articles 8.3, 8.4 and 8.5 as well as 
those given in exercise XVII are not included in the 
syllabus prescribed for pre-University Examination of 
the J. & K. University. These are , however , given 
in this chapter Jor the advantage of the students of other 
Universities. 

Solved Examples 

Ex. 1. Sum to n terms I* -. 

Sol. T,,=(1+7^1 2) 2 — (2#/— I ) 2 

=4m 2 -4m-H 

Now putting n=l, 2, 3, . n, we get 

T 1 = 4.I 2 —4.1 -r 1 
T 2 =4.2 2 —4.2-J-1 
T 3 =4.3 2 —4.3-f-1 



T„=4.h 2 —-4.;/4-1 

S„=T 1 -fT 2 -rT ;t 
=4(l 2 +2 2 —3 J 


f «*)- 4(1+2 +3 + 


=427»2-42 , i; j „ 

= 4 4k,k + 1) , 

6-2- 

= 3 [2(«+l'-(2w • ! '-()1)4-3] 
= ” [4k 2 -;-6// - 2--()k— t>4-3] 

— -jp[4/r — !]• Ans. 


Note. We can even directly proceed as under : — 

r n =4«*~4«H-l 

—-l,i —42 Tk ? — 42’K-fK 
which will give us die required result. 
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Ek. 2. Sum to n terms 

1 “f"0 ~f-2)-4-(V |-2-f 3) -f . 1 -f-2- 
Sol. T„=I+2+3+4+.+„ 

_ "(«±1) 

•> 


r3-f 4) 


—’K^+w) 

Now TW(1 2 +J) 

*IW(2*+2) 

i(3 2 +3) 



) 

£<✓!/'> 


T 

1 3 


T„ = 5(n 2 -f n ) 

.~r'J\: 

= 2-[l 2 +2 2 -f-3H.-f n a )- (I * 2 • 3 +.+ »)] 

_ 1 r n(//~; l)(2n-‘ n l 

~ 2 L (f-- -T-2— J 


n^w + 1 


12 


[ (2»-f 11 -* "("'*■?) \|(«+2) 


w («+l)(«4 2) 

(> 

Ex. 3. Sum to /* terms 

1 *3 3«/5-[■ o. t "i • .. 

Sol. T„=[l + («-l)2][3-- (»- l»2 
= (2w—1 )(2«-|- r* 

=4ir—I. 


S #1 =2 , 1', / =42V 


// 


4. 


«(«-f l)(2«*r 1) 
6 


— n 


2«( n+I)(2« -f 1) 
3 


— n. 
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EXERCISF XVI 

• • 

L. 

Sum the series ;~ 

vl. '•~T?+3i+-5 2 +.to n terms. 

J2 2 +4 2 + 6++. to n terms. f 

v'3. ^ 2 3 + 4 3 +G 3 +. to n terms. \ ' 

J. 6 2 +7 2 +8 2 +.+ (20) 2 . 

^ 10 3 4-1 1 3 +12 3 +.+ (20) 3 . 

<h / /l + (l+2)+(l +2+3) +(1+2+3+4) +.to[n teims. 

V7./^i 2 + (1 2 +2 2 )-hXiH:2 2 +3 2 ) + ~.... ton terms. 

$^5+5.8 +8.11 +. to n teims. S 

-§y J~3 +3.5+ 5.84 -»•»».** ton terms. / 

^10^ J^3-.3+2.3.4i-3.4.5 +.to n terms.v 7 * 

vlFr 1.2 a +2.3 2 + 3.4 2 +.to n terms. 

fl) Find the sum of the series whos^-rt term is . 

MO 3« 2 +2n. \»>^^+()« 2 +2n. 

8.5. Method of Differences. 

1'liere are series which are neither A.P. nor G.P. nor H P 
but the differences between their successive terms form either an 
A.P. or a G.P. The method consists of the following steps : — 

(t) Let S denote the sum of the series and T„ the nth term. 

(“) Re-write the same series shifting each term under the 
next. 

(Hi) Subtract and find T„. 

The following examples will illustrate the method : - 

8.6.1. When the differences form an A.P. 

Ex. Find the sum to n terms of 

4+11+22+37+55+. 

Sol. Let S=4+11+22+37+56+.+T„_ 1 - r T,. 

S=4+ll+22+37+. +T w _,+t1 

By subtraction, we get 

+ll + 15-{-l9+.to w terms--T„ 
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T n =4+(7+ll+l 5 +l9+.to n- 1 terms) 

' ,? Y^[l4 + (n-2)4] 

=4 +-^~ x2[7+(n-2)2] 

=4+(»-1)(2b+3) 

=4+2« 2 +/i—3 

=2/i 2 +/, + l 

S a =i7T n =2Z , /i 2 + Z , /j+« 

_ 9 «(»+l)(2n + l) «(n+l) , 

- g +-g-+« 

= ^-(4r2 2 +i)/i + 11). 

Note. After T„ is found, the sum can be found even as 
under : — 

T n =2n 2 +n+n Putting n=l, 2, 3, . n 

Tj =2.1 2 +1 + 1 

T 2 =2.2 2 +2 + l 

T s =2.3 2 -f 3-f-l 


T„=2./i 2 +«+l 

S«=T 1 +T 2 +T 8 +.+ T„ 

=2(l 2 +2 2 +3 2 +.+ w 2 ) 

+ (1+2+3+.+»)+* 

__2»(« + l)(2« + l) n(n+l) , 

6 + 2- +n 

= -| (4n 2 + 9«-f-ll). 

8.6.2. When the differences form a G.P. 

Ex. 1. Sum the series to n terms 

2+5 + 11+23 +. 
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Sol. Let S=2+5+ll+23 +.+T„_ 1 +T M 

S=2 + 5+ll +.+T„_,+T f4 

By subtraction, we get 

0=2 + 3 + 6+12+. to n terms—T„ 

T, J =2+(3 + 6+12 +.to n—\ terms) 

= , 3(2^-1) _ g 

' 2—1 ^ 6 

=3.2" _1 —1. 

Now T, =3.1-1 

T«=3.2—1 
T 3 =3.2 2 — 1 
T 4 =3.2 3 — 1 

T tl =3.2"“ 1 — 1 

S n =T 1 +T.+T ; ,+.+T„ 

= 3(l+2+2 2 +2»+.+ 2" 

1(2“-1) 

“ 2 — 1 - n 

= 3(2 n —1)— W . 

Sum the series to n terms f 

3+33+333+3333+.. V- 

Sol. Let S=3 + 33+333+3333+.+T B _,+T M 

S=3 + 33 + 333 +.+T W _,+T„ 

B) subtraction, we get 

0=3+30+300+3000+ . to n terms—T 

3 +30+300+3000+.to n terms 

3(10 n — 1) 3 

“'■10=1 =9 (1 ° w - 1 ) 

=i(io«-i). 
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Putting « = 1, 2, 3, .//, we get 

T,=J(10 l -l) 
T 2 =J(10 2 —1) 

T 3 =i( IO 3 — 1) 


• • 


T«=J(IO*-l) 

S„=T,+T 2 +T 3 +.+T„ 

= 5 [( 10 - 1 ) + ( 10 2 - 1 ) + ( 10 3 - 1 ) + 


= M(10+10 2 +10 3 +.+10-)—n] 


-ll 


i r io(io”—i > 


10-1 


-o 


+(io--D] 



Note : —This question his also been solved by the method of 
G.P. in chapter VI. 


EXERCISE XVII 

Sum the series to n terms 

1^/5+9+16^39 +. 

2. v 3+7 + 14+24+37 +. 

,3. 3+7 + 13+21+31 +. 

/ 4. 3+5 + 9 + 17 +. 

V 5. 1+5+12 + 22 + 35+. 

6. -6-4+0 + 8 + 24 +. 

J 7^3+7 + 15+31 +. 

8. 1+3 + 7 + 15 +. 

9. 5+55+555+5555 +. 

10. 4+44+444+4444+. 

11. 7+77+777 + 7777+. 
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Revision Questions II 

1. If a, b, c are in A.P. and p is an A.M. between a and b , 

q is the A.M. between b and c , show that b is the A.M. 
between p and q. 

2. If S t , S 2 , S 3 . S/be "the sums of n terms of A.P.’s 

whose first terms are 1 , 2 , 8 ,.and whose common 

differences are 1, 3, o., find the value of 

S, +S.,+S 3 +.-pS/. 

3. If the roots of the equation 

(b— f)x 2 -*- (c~a)x-\- (a — b) =0 
be equal, show that a, b , c are in A.P. 

4. If x,y , £ be the pt h, 7 th and rth terrrot an A.P., show 

that x q ~ r .y r ~ p .z p ~ q — 1. 

5. Find the sum of terms : — 

(0 1-71+111 + 1111 +. 

\n) 8+88 + 888 +. 

6 . If S„ S 2 , S 3 be the sums of n, 2n, 3/i terms of a G.P., 

prove that S|(S 3 —S 2 ) = (S| —S 2 ). 

7. Find the sum to n terms 

l + (l+r) + (l^H-r 2 ) + (l + r+r 2 + r>) +. 

8 . If a x =bv=c e and a, b, c be in G.P., show that x,y , z are 

in H.P. 

9. Sum the series to v terms : — 

(t) 1 + 3a-+5a 2 +7 a 3 4- . where x < 1 . 

(“) 1+ . 

16. Sum the series to n terms 

(i) 1 +(1+2)+ (1+2+3) +. 

(«*) l g +(l 2 +2 2 ) + (l 2 +2 2 +3 2 ) +. 

** 













11 . 

12 . 


(iii) 1.2 2 + 2.3”+3.4” t ••• 
(iv) 1.2.3+2.3.4+3.1.5-} 

Sum the series to n terms 


(i) 1+3+64-10+. 

(it) 1+5+ 12+22-^354 
Sum the series to w terms 

3+7 + 15+31 + 




Hows 







CHAPTER IX 
Partial Fractions 


9 . 1 . The student has already learnt how to simplify a group' 
o( fractions connected by the signs of addition and subtrac tion to- 

one single fraction. For example, he knows how to put 


, 1 2c — 1 

+ *_2 as A 2 -A-2 • 


A-l-J 


In the present chapter wc shall dis¬ 


cuss methods which will enable us to decompose a given frain on 
c"Xd ParL 0 l f Fr««Tonl aCt,0nS - Th “* 



Case I. To find out the partial fractions when- 
factoA DOmmat0r Consists of onl y Knear non repeated 

? g ‘ Ven fr . action is to be broken up into partial’ 

n^merat ’ tbe / ,rst ^ ential ^ step > s to see if the degree of the 

d££e? nftht W than * at ° f ! hc denominat or. In case, the 
degree of the numerator is not less than that of the denominator 

div u ided out by the latter till the remainder is 

be left as d it^ ee a*u that ° f lhe den °minator. The quotient can 

pal lia fractions!" ° f ^ 15 *"“*» “P ^ 

exampLT eth ° d * CXplained b y means of the following solved 


Ex. 1. Resolve into partial fractions 

A 


+ 1 


(2 — x) (*—3) 

B 


Sol. Let 


■i-.v + v-3 


x + 1 

l — — - v ) ( A 3) - 

x+l=A(v—3)+B(2 —a.) 

• • 

Equating the coefficients of x from both sides, we get 

A —B=1 

' Also equating the constant terms, we have 

— 3A + 2B=1 

^ Solving (i) and (ii) simultaneously, we have 

A = -3 and B=-L 

4-1 3 4 - 


...(*) 

...(H) 


Hence 

Note. 


2-x 


x —3 


(2 - . 

we can obtain the 

From a4 1=A(x— 3)+B(^nT*^^. — 5ff l> 

values of A and B even as follows (J and 

In the R.H S, two linear factors > ^ ua l to 
(x-:i) are involved which on being put ec, . ting 
zero separately give *»2 and *=3. Thus on pun. 
a = 2 and v=3 in the identity 

a 4-1 = A(x—3) +B(2 —a) 
we obtain A=— *1 and B —— 4. 


Ex. 2. Resolve 


.2 ' •) 


2.V + 4 


into partial fractions. 


(a — l) (v— 2) 

C A , Here wc find that the numerator is of the same 

le method discussed is Ex. (11 above. 

o.v+2 o.v+2 


.v*+2x+4 i =1 _l 

Now (x—T)~( a'—2) 


3*+2 = 1 + ( a -1)( a -2) • 


Having done this, we shall proceed to find out the partial 

5 x+2 

actions of • 
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5x+2 _ A B 

(x— l)(x— 2) a— 1 r A—2 

or 5x-f2=A(x-2)-f B(a— 1). 

Putting x=2 and a=1, we get 

B—12 and A - - 7 


Hence 


5a+2 7 , 12 

(a— 1)(a— 2) =— a— 1 ' r x ~-2 

x 2 -f 2x+4 , 7 , 12 

(a— 1)(a —2) “ a— 1 + a —2 • 


Note. Our task of finding out partial fractions of the above 
fraction can be still simplified as follows : — 

x 2 -f2x-f-4 = A B 

(a— l)(x—2) ~ ' a — 1 A —2 • 

The quotient ( = 1) in the RH.S. has been written 
down easily by inspection because the degrees of the 
’ »*ator and the denominator in the L.H.S. on one 

-u the same and the coefficients of their highest 
powers are also equal. 

v*-f2A+4=(A-lVA—2)4-A(x'-2)-fB(x— 1) 
Putting a= 1. we have A= — 7 
Also „ a=2, we have B=12 


A 2 -4-2x-f-4 7 12 

(a-1)(a-2^~ x-T+ a—2 • 


Ex. 3. Obtain the partial fractions of .-._ _ _ 

(a-M)(a-1)(a-H2) * 

Sol. Let —- - * _ A B C 

(*+l)(x-l)(*+2) - a + 1 + a--1 

A a =A(*-l)(*+2)+Btjp+l)( x +2)+C(*+l)(*_l) 

Putting a= 1 ,- 2 , - 1 , we get 

6B=1 or B=J 

3G=-2- or C=-| 

2A=1 or A=g. 


* 



Hence 


x 1 1 

(x+ 1)7 x — 1) (a+ 2) = 2(x+1) + 6 (a—1) 


3(x+2) 


Ex. 4. Resolve into partial fractions ^ 24 - 2 )^' 
Sol. Put a 2 =j 

. _ jL _2_ = _^ + JL. 

•* (* 2 -l)(* 2 + 2 ) ~ (y-i)(y+2) “7 - 1 ' .>’+2 

y=A(y+2)+B{y-\) 

Putting 7 = 1 , and 7 =—2, we get 
3A= 1 A=J 

and —3B=—2 .\ B=§. 

- 1 


•> 


(7-l)(7+2)“ 3(7-1) 3(7+2) 

2 1 9 




Hence (a2 __ ]) ( . x 2-fT) == 3(x 2 -l) + 3 (a 2 +2) * 


EXERCISE XVIII 


Resolve into partial fractions : — 


1 . 

lx- 1 

1 — 5 *+ 6 x 2 * 

2 . 

3 . 

a 2 — 10 a + 13 

4 . 

(x-l)(x- — 5 x+ 6 ) ’ 

5 . 

A 2 + 7 A -+3 

6 . 

ft 

a 2 + 7 a + 10 * 

% 

r 

J 7 - 

(a— l)(x — 2 )(x- 3 ) 
(a— 4 ) (a— 5 ) (a— 6 ) 

w 

8 . 


1+3x4-2 a 2 
( 1 — 2 *)( 1 —x 2 ) ‘ 
ox+6 

(2+*)(I-*) ' 

(s -l)(s- 2 ) 
(*-3)(*--4) ' 

o 

A- 

^-a*)(x*-b 2 ) ‘ 

[Hint. Put x 2 =7J 


•» 

A" 


(x‘+d‘)(x i +b^^+^) 




9. 



5)3 


10. Find the values of A and B from the identity 
A , B _ I _ I 

x z —px r \- — qx ~ x—p x — q ' 

9.3. Case II. When the denominator consists of 
linear factors some of which are repeated. 

Method I. To a repeated linear factor of the type (x — a) r 
there correspond a group of r fractions of the type 

A + _!_ , f . . . K 

.v n (x—a ) 2 ( x —nf ) 3 (a— ay 

The method will be clear by means of the following solved 
examples. 


Ex. Resolve into partial fractions 


Sol. 


Let 


*+l _ A-f I 

(v*-4)(a 4-2) ” (x—2 )(a-J-2) 2 


x +1 


/V 

- V O 


B ^ C 


• • 


(*-2)(x+2) 2 a —2 “ r a+ 2 (x-f-2) 2 

v+L =A(x-f2) 2 + B(a-2)(a+ 2) fC'v-2) 
Putting v=-2 and 2, we have 

A =Vo and C= 4 -. 

can bna t s l ifv V A 1Ue H 0l i the COnStant B remains to be found. This 

t:zT e the coefficients ° f ,he — 

or A + B=0 

But A-3. 

10 

B=_ 3 - 

— 10* 


Hence 


*+l 


_3_ 3 1 

(**-4)(*+2) 16(x-2) 16(x-f-2) H 4 ^-f 2 )i • 

Method II. Put the repeated factor=y. Write the riven 
expression m terms of y and then dividend ^ 

be ckar b v-Wthe above examplfthus 15 
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The fraction = - ( - 4 

Put x+2 =7 

So that a;— 2 = > — 4 and *+1=7—B 

x+1 _ y— 1 _ 1 — 1+7 

(x— 2)(x+2) 8 "" {y—£)f ~ f * -4 +y 

1 / 1 _3_ f , _3 7* 

" / \ 4 16 y 7 16 * y- 4 

(Please note this step) 

1 3,3 

~ 4r 2 “ 16j + 16(7-4) 

l 3 1_ 

= 4(*+2)* “ 16(.v+2) r 16(.v-2) ’ 



Note The student is advised to avoid this method a* 
far as possible, as he is likely to commit mistakes <«■ 
dividing out the numerator by the denominator. 



Sol. 


D , 2x+3 

Resolve (a _ 1)3 (. v . 2 ) 

2*+3 

Let 7 a— 1) 8 (a-2) ~ 


into partial fractions. 

A B C 

a-2 1 (*-l) ; (*-l) 2 

D 

+ (*-D a 


2 a+ 3= A (x - 1 ^ 3 +B (a— 2) ( a- -1 )*-{- C(x 


Putting x=J and 2, we Have 

-D=5 •• D=-f» 

and A=T / ^ 

Also equating coefficients of a 3 , we get 

A+B=0 




- - i 


Again, 

ov 


__A— 2B+2C—2D=3 
_7+l4+2C+10=3 


2) (a— 1) 

+D(a- 





Hence -—- v ' —-_ ‘ __ ~ 

(x-iy(x-2) x—2 x — 1 - 

2nd Method : 

Ld at— 1 = )• 

_ 2y-\d 

(*-!)»(*—2) - /(JUT) 


(*-!)* 


0 


(*-l) 


~ yi [ 7y~f- 


7y 3 


*X -l 

-1 J 


5 


/ y 
6 


( 


y ? y -1 


Resolve into partial fractions *~ 

•vS-1 s / 


(*-l)* X ^T[ i- Y _ 2 
EXERCISE XIX 


1. 


3. 


5. 


7. 


9. 


(*-2)* (*+3) * 

_ A 

(a^T) 7 • 

•V 2 -f-tf- 


2. 



(**— a *)( Ar -}_ a )2 

o—9 a 

. / 


6 . 


8 . 


(at+T) 2 (a- 2 —1)' • 

3.v- -J-.v _ 2 

ix~2y(l~2 x) • 

a 1 —oa^-j-IOa- 2 —8a—1 


L.l 


(*-1 )*"(*+]) 
A* 

(A-+'i.n^=2) 


(*—l) s (*_2’) 

10. •• . 3 6a 2 -f 5 a 


(a 2 —l)(*-f 1)8 • 

I 


J 

m rxx - Z) *- - x r { ~~ lT . 

^•4. Case m, t 0 g % l 

denominator contains a nn*A fra ^tions when th 

be "solved into Knearfa«ort &Ct0r Which «*“n<, 


■96 


To any quadratic factor a^+bx+c there corresponds a 

Ax+B 

■partial fraction of the torm ax ^-\-bx-\-c 


where A and B are 


i- i * . cue 

Ax+B , Cx+T > _ where A, B, C and D are 

form + (ax*+bx+c)* 

“Themethod is illustrated below by means of some solved 

* into partial fractions. 

l+x 3 

4 

1 _ 

tx+l)(x 2 —*+l)~ 

A , B.v+C 

+ X 2 —V+l 


.examples. 


Ex. 1. 

Resolve 

Sol. 

1 

r+.v 3 


1 

Let 

(x+l) (a- 


-X + l) -V+l 

1 =A(x 2 —x+l) + (Bx+C)(x+l). 

• • 

Putting x= — 1> "'C S el ^ ^ 

Next equating the coefficients of terms containing have 

A+B—O which gives B— g- 

Also equating constants, we get ^ 

A+C = l L ‘—*• 

L _ = _i_* 

£+I)(x*-*+l) ’ 

1 1 


-±*+S 


Hence 


3 * x+l 


3 * x+l 


r A 2 —X+l 
1 2—x 

+ :f* x*—x +1 


_ , J -- into partial fractions. 

Ex. 2. Resolve 2 (** 4 -1) 


A_ 

Sol. L et 77+TWx 2 +1) x+l ' (*+!)- 

i*AC«+l)(^+« t + B B it +1) + (Clt+D)( ' +1)I ' 

Putting x=-+ " ege 


B 


+ 


C.v+D 

* 2 +l 




Also equating coefficients x\ x and constant. 

A+C=0 
A-f C4-2D=0 
A+B-f-D=l 

From (/) and («), we get D=U 
A+B=l 

But B =4 A=l 
and also from (/) C — — 

Hence-1_ 1 


••*(») 

-.(*«) 


(*+!)*(*•+!) 2U+1) + 2fr+i)r+ . v 4 'i 


_L___ , i 

2 (a + 1 ) + 2 (*+lj* 


2 (.v 2 4-1) 


EXERCISE XX 

Resolve into partial fractions 

7,. 2. . 

V*-*) 


2x-\-l 

I 

Tx*+a 2 )(x*+b-) 

**-f2 

A 4 — 1 * 


10 . 


12 . 


14 . 


11 . 


(*-2)v+*+4r 11 

* 2 + l 

^*+x 2 + 13 . 

__A 3 —2 

(* , +*+ 2 )'(i*+x+ir-> 

_ *»+l ' 


a 2 +2a-{-2 
(■**—1)(a 3 +4) * 

1 

l* 2 -f 2 ) 2 (*-l) • 

(Hint. Put x 2 =z) 


x*~l * 

•«H4a 3 +6a -1-1 
~*(A a +*-fl) ♦ 

1 

**+l * 


15 . 



9.5. Application of Partial Fractions. 

We shall now illustrate by the following examples the sum¬ 
mation of certain series with the help of partial fractions- 

Ex. 1. Sum the series to n terms and find to infinity : — 

1 

1.4 ' 4. 

Sol. T„= 1 1 


1 1 
- 4- - 


.10 


Let 


{l+(»—1)3}{4-I- (.»—1)3} (3n-2)(3n+l) 

l A B 


(3n-2)(3n+l) ~ 3»-2 3«+l 

or I =A(3«+l)+B(3w-2). 

This gives A= : ' and B=— 

J_r 1 1 1 

lfl ~ :i L 3/I--2 3n+1 J 

Putting 1, 2, 3. 4, . n— 1, «. we get 

l .|— M j 1 " ■ iV] 


• • 


— A r 

1 

1 -1 

«-! — 3 L 

3 n-5 

3« — 2/J 

1 r 

• 1 

1 1 

3 l 

. 3»—2 

3»+l J 

S„=T 1 + 

-T,+T :i -f 

XH. 


* v 'J 7 / V 7 10/ I UU ' 

("3n-r> * " 3^rr)5 


1 (x L-V— 1 

= q V 1 311+1 A 3H1 ' 


3 

1 


3n+l 


0 


as 


;/-> 00 .- 







• • v 'um to infinity ' 

/ o • 

2 . Sum the series to n terms 

I 1 


Sol 


l+ 1+2 f 1+2+3 *“ 

1 


i 


1+2+34-4 

1 


1+2 + 3+4+.++ n (n 


(«+l) 

9 


• • 


=- t _ 9 / 1 1 v 

«(«+i) - £ \ n ^irpr) 

T, =2(1-4) 

T 2 =2(i-4) 

T 3 =2(4-i) 


i 

«"Vf 

ii 

H 

'N 

1! 

* 

i 

H e 

_L\ 

‘ '*-1 

n ) 

1 

■H 

II 

H C 

l 

> n 

«+l 

S„-2( 1- 

1 ) 

\ 

«+l / 


n+1 • 

EXERCISE XXI 

Sum the series to « terms 

4 * 7 * 6^ + . (ft 

1 


1. 


N / (a ^ 1)ia+ ^ + G+iJcS+T) - +TS+7ii+To) +• 


4. 



N 6 \ 


(,+ * )(1+2 * ) + 71+4^^ 



+ 
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Sum to infinity : — 



10. Sum to infinity the series whose nth term is 

(2 n+\) 
n 2 (n+l) 2 : * 






CHAPTER X 



Theorem 
(Positive Integral Index) 

the P resent cha P ler we shall discuss the expansion 
of where the index n is a positive integer. 

The expansion is given below and the student is advised to 
study, it carefully and then commit it to memory. 

\/ (*+<=*«+**»-**+ y -y. ^(«-i)(w- 2) 

!- 2 1.2.3 




'a 3 + 


_/*(/*-1) (* 2 — 2 ).(w-r+1) 

+ ' L2X.7...r .+ 




The number of terms in the expansion is 

10.2. Rule for the expansion of (x-fa) n . 

The first term*” is obtained by taking ihetrst letter *• from 

*+a and raising it to the power n. The letter “a” is absent from 
this term. Similarly, the last term a- is obtained by taking f the 
second letter from x+a and raising it to the power n. S 

The coefficient ol the second term is obtained by dividing the 
product of the coefficient of ,v» and the power of ™ bv ffie 
number ol terms that precede the second le.m, i.e„ by one The 

coefficient is, therefore, equal to This term will con- 

SSS-- TSri 

precede the third term. Thus the coefficient will be "t”- 1 ) 

1.2 * 
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Apai t from this, the third term will contain a; and a with powers 
n 2 and 2 respectively. Hence the entire third term will be 


n(n-l) 
1.2 


,,_ 2 a 2 


The powers of x will go on decreasing, each by 


one, while those oi a increasing at the same rate. 
Similarly, 

4th term=^rliL w _^) . n 

1.2.3 

5th tenn^- ^-^)fa-a)(-3) and * on . 

Also, 


(r+ l)th term" (n ~ 1} < ” ~ 2 )' - - ' ikziT +1~ M 

X • 2 • 3 • • • • • »r 




«(«— l)(n—2).(n-r-f-1) „ 

—-j~23-^- x n ~ r a r . 

Note. (1) For the sake of brevity, (r-fl)th term is written 

as T r+1 . Similarly, the first term is written as T,, 
second as T 2 , and so on. 

(2) T, +1 , which is equal to 

«(« — !) (ft—2). (w-r+1) , 

1.2.3.r ’ 

is called the general term in the expansion of 
(x-f«) n . The student is advised to commit it to 
memory as it helps us a lot in finding various 
other terms of the same expansion and solving 
various types of questions on Binomial Theorem. 

(3) In the expansion {x—a)’ 1 plus and minus terms 
will occur alternately, thus 

{x-a) H =x"-nx»-'a + .(-l) f 

«(« —1)(«—2).(ft — r+1) 

1.2.3. r 

Here 

T , i y n(n-l)(n-2) . (n-r+ l)_ r 

T r+1 -(-l) 1.2.3.r 


x n - , a > 


,(-l )V 
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Solved Examples 

Ex. I. Expand (2-v-f^) 1 . 

Sol. Here .v 2.v. a=y and «=4 

( 2l h) , ) 4 -(2*)'+4(2»)^+ -if (2 *i«y 

1 • M 


24 


+ 1.2.3' 

- 16a-'- f32.v> -f-24x 2 ^+$ x ys . 

Ex. 2. Expand (a— ~Y. 

Sol. Here the number of terms will be 6 

’• ( v ~ J ) =\ Ji —5 .a*. L + J!L*a J_ 60 1 

* ^ * "13.3 *-•!? 

, 120 



=*-&»+10*-10. 1 +5. ‘ _ 

is ~„d^ d o d if e n ^ d . * « middle tern, if „ 

for finding the middle term or terms. Vmg IUlcS are laid down 

(1) If« is even, then the middle term=(J„ + 1)th t6rm 

(2) If n is odd, then the two middle terms will be "+ 1 tll 
term and ( ~-+l /h term. 

tit S ,hT wiU be u+w 

Asain, in the e xpan sio’ (*^ ,»■ 
there w,ll be two middle terms. One of them will be J!+i_ th 

term, «.*., the fith term, and the second one will be(?+' + 1 U 
term, t.e., the 6th term. ' 2 / 
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Note. 


In order to find various teims it is advisable to find 
the general term first. This will enable us to obtain 
any term we desire by giving a suitable value to r. 

Solved Examples 


Ex. 1. Find the middle term of(-^-+ — y° 


So!. Here « —10 which is even. Therefore, there will be 
only one middle term, t.e., (A?+l)th or the 6th term. 


Now 


t _ 10(10-l)(1 0-2).(10-r + l) /„ 

r * 1 i V - 


1.2.3.r 


(t) 


10-r 




Here T fi —T 5 +, .*. r=5 

and (10- 7 r+l)==(10—5+1). 

Hence t 10(10—1)(10-^>).(10-5+1) 


r— 5 


5+1 


1.2.3.5 


_ 10.9.8.7.6 a 5 x& 
~ 1.2.3.4 5 x s ■ a :> 
=252. 


(f)”“ <-:)' 


Ex. 2. Find the middle terms of —~ ) 

Sol. Here the index being qdd, there willl be two middle 

9+ I 

terms. The first will be —— th, i.e., the 5th term, while the 


second will be ^+l^th, i.e., the 6th term. 


Now T r+1 = 


9(9 —1)(9 —2). (9-r+f) 


3 v * 


1.2.3 


<«•> <-t> 


-/ i+ 7 .<»-'+«) 3-' 

' 1.2.3. r 6* * 


* 
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Putting r=4, we get :— 

4 9.8.7.6 


T 4 +I — ( — 1) 




,17 


1 . 2 . 3.4 


- t r> 




Also putting r=5 } we get 

t~* _ / 1XS 9.8.7.6.5 3».a 19 

T5+1 " { ~ 1} 13.3.4.5 ’ 6 s 


—-_A .1..1H 
1 6 “ ■ 


, , 10 1 Tcrm ^dependent of x. The method is explained 
below by means of a solved example. 1 

E*. Find the term independent of x in the expansion of 

<*- *>’• 

Sol. Let T r+1 be the term independent of v. 

T, M —g(9~i)(9—2).(9-r+ n / :< 1 v' 

1.2.3. . \- x ) \~ 57/ 


• I. 


or r=7a t nd(97; h , 0 ) l d 4 n0t C ° ntain * The « fo ~. Wt*=0 


Hence T fi+ , = (_ns 9.8.7.6.5.4 3 3 1 

k ; 1.2.3.4.5.6 • 2 3 • 3« 

*_7 

18 - 

Other Solved Examples 

Ex - 1. Find the 4th term of +9 b V° 

' 3 / • 

Sol. 

Here T, U - _ 10 ( I( >-^)(10~2). QO- r+n 


Putting r=3, we get (10—r-f-1) =8. 


«>'(»r 
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• t > 10 . 9.8 a~ 

•• T 3 + 1 ==ll= nzr-i ^- 93 - 63 

= 40 a 7 b 3 . 

Ex. 2. Find the coefficient of a 18 from (x 2 -f 

Sol. Let x ls occur in T r : i 

lojj 5 —1)(15—2). . (15 - H-1) 

1.2.3. . 


A / 


T r+1 = 




15.14.13.(15— r-j-1) 

=- 172 : 3 —— — 

Now 30—3r=I8 r—4 . 

Hence x 18 will occur in T r> . 

Now (15—r+l) = 12 

15.14.13.12 


•*• Tj+j — 


~.3V/ 4 .a 18 


1 . 2 . 3.4 
= 110565cr , A 18 . 

the required coefficient= 110565a 4 . 

EXERCISE XXII 

Expand the following binomials :_ 

1 - (x-3)*. 2. (3x+2j>)*. 

3. (a^+a-) 5 . 4 . (\-xy)i. 

5. (3«-})«. ' / * 3 ' 6 




Write in the simplified form : — 

7. The 4th term of ( x —5) 13 . 

8. The 10th term of (1— 2a:) 12 . 

9. The 5th term of ^ 2a— \ 





10. The 7th lemi of (■—— -^V'. 

V r> 2x / 

11. Find the coefficient of x ,M from (ax* —/>*)*. 

12. Find the coefficients of a : i2 and a - 17 in 


/ 


( "- 7-)“ 

13. Find the middle tcun of (” -f- ~ ^ 

14. Find the middle term of ^ I — 

/ 3 9 

15. Find the two middle terms of ( 3a— ^ ^ . 
Find the term independent of a- in the expansion of 

* :) 12 : ”■ 


(^/l8. 


j v y 


19. ( 3.1 


2 v»° 
X 3 


) 


A 3 
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PAPER A 

Show how to form an equation whose roots are.Joc, 
[i ; hence find the equation with rational coefficients 

, one of whose roots is —-—. 

ll 4 + 5 ‘ * 

(AjL*If a, £ be the roots of x i -\-px-\-q={) and a', /?' those 
of .v 2 -\-p' x-\-q'—0, find the value of 
{*-*’)(?-?) 

Show that a quadratic equation cannot have more 
than two roots. What happens if it has more than 
two roots. 




( b ) If a- be real, prove that ^2 x-\-S muSt 
ween —5 and 4. 


3. {a) Find the condition that the equations ax--\-bx+c=0 

and a'x l -\-b'x-\-c'=i) may have a common root. 
Also find this root. 

( 1 b) If x z +(ix+bc=0 and * 2 -f bx+acs=0 have a common 
root, show that their other roots satisfy the equation 
x iJ rc\-\-ab=0. 

4 . (a) Find the sum of all numbers between 200 and 400 

which are divisible by 7. 

(6) Show that the sum of n arithmetic means between a, 
b is n times their arithmetic mean. 

t 


5. ( a ) Find the sum of n terms of a G.P. whose first term 

is a and common ratio is r. Deduce the sum to 
infinity for r=l and r<l. 


108 


109 


6 . 

>1 


7. 


t 2 


II 


(b) Find three numbers in G.P. whose sum is 19 and 
the sum of whose squares is 133. 

(a) Prove that the arithmetic, geometric and harmonic 
means between two quantities are in geometric pro¬ 
gression and in descending order of magnitude. 

(&) Show that if a be the arithmetic mean between b, c 
and b be the geometric mean between a and c then 
c will be harmonic mean between a and b. 

Sum up any two of the series : — 

(0 5+7 + 13+31 +. tQ „ terms 

/... 1 ] 1 

ITT + 7/16 + 10.13 +. to " te, ms * 

(Hi) 1 — ? + 4 — h +.to infinity. 

K' (a) Find the cube roots of unity and find their pro¬ 
perties. r 

(A) Factorise in linear factors. 

{c ) Evaluate (— 1 + V-“3) s « + (— 1 — ^/ZT^yos. 

(a) Split any one of the following into partial fractions 

* 2 +15 

(*-l)(x*+2*+5) * 

(ii) 2 *+ 6 


4. 


< i) 


(*-n s (*-3) 


Sum the series 14 - - - . . * . 

1+2 + 1 + 2 + 3 ' + 
terms and to infinity. 


to n 



* 
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ANSWERS 


1 

3 


9 

10 . 


EXERCISE I 
(?) a 2 +A-, (tV) a 2 —x+1, (m) 5. 

(ii) *-t*. («)*+** 

9V2-4V5 


(0 S4+*}f> 


... 4V2-9V& • 

(®) —— -7 —- - -*• 


(*') ±(5—0i), (*i) ±(1 — 2i). 
4—10?. 




EXERCISE II 


1 

i- & ■ c ° 

3. b, nc 


(ii) be* (Sac—b-) ia~ 


4. 


326 5 4-4«fl6 3 c—IO j V 



7. (?) aw* — (b~—2ca) x -j- ca— 0 

(ii) a :, x 2 -a(b--ac)x+c(!r-2ac)^ 0 
(Hi) a'x~ - 2 a* (b 2 -2ac)x+b a -(lr-4ac)=-4> 
(iv) b 2 (b 2 —4ac) / arc 2 

8. (i) max 2 -f -(if —m 2 )x—mn=i) 

(ii) (/> 2 —tf 2 )* 2 -f 4fiqx—p 2 +q 2 —0 

(m) **+2<w+a s +4 8 *=0 


(/?;) a- 2 -14*4-29=0 

(l>) A 2 -Hr-2tfA-f/r=0 


11. I ;— 10 

18. qx 2 -(f-2q)x+q=i* 

19. (?) a 2 — 8a -f 1=0 

(») 1 !**+«*+11=0 

EXERCISE III 

# 

1. (i) imaginary (ii) Real, unequal. 

4 



Ill 


(fo) Real, equal 


iini m— 3. 5 


(w) Imaginary 

(y) Imaginary 

2 . /> = 12 

8. (i) m=3,— 2 

(«) w=« 

10 **= — 
a~T-h 

EXERCISE IV 

4. 6 a +ac 2 -\-a'*c—:\abc 

5. I0*=(w+1)^ (9) 2/> 2 =9 v 

10. 49ca — 1 2/>~ 11. (i) r«l». (77) 5=0 

19. i 

REVISION QUESTIONS I 
1. A--r4.Y— 1=0 2. *2-j lo x /5*+4=0 

5. 5a- 2 +10a+I=(> 6. n\v i —2a-(lr~2ac)x-}-lr' 


9 - P** 6 — (tf 2 4- 2r/>) .v+»-=-, u 
10 . 2, .1 

EXERCISE V 

-8,— |, 1. 3, r», 7, 9, 11. 


(/> 3 — 4ac) =() 


1 


2. 

35 ; 3u-l 

3. —8 ; 12— 

4. 

n 

3, 6, 8,. 

•>1 

5. loth terms 


-1 

8. 129 

n. 

3 + / +11 + 15+. 



9. w=7- 


1. 

5. 

7- 

9. 

13. 

17. 


EXERCISE VI 

2772 2. 153 3. o 

820«—16805 6. «(«+!)*_, A 


4. 30 


(i) 952 

10 10. 20 
•>, 9, 13. 17. 

16 


(") 2072 (Hi) nifi 8. i(„-i) 

Xl - 9. 12. jff(Sit—7) 

25. 1,*,?-,. 

18. Rs. 13800/-#- 
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EXERCISE VII 


1. 

7 

2. 4, 7, 10, 13, 16 


3. 

30i 29, 27i,... 

.3f 


4. 

AT 2 — AT-f-1, V 2 — 2 

*+2,.a 


6. 

« : m 





EXERCISE VIII 


1. 

4, 7, 10 or 

10, 7, 4 2. 3, 5,7 or 7, 5, 3 

3. 

4, 6, 8, 10 or 

10, 8, 6, 4 


4. 

3, 4, 5, 6, 7, or 

„ 66-1 

7, 6, 5, 4, 3 5. 4/j+3 

7. 4 :3 

8. 

-*-■(„*+1) 

10. 11570 


11. 

8, 7, 11, 15. 

...which is an AP. excluding the first 


term. 





EXERCISE IX 


1. 

729 

2. 243, 162, 108, 72, 


4. 

1 

32 

»-2 

5. 2 5- " 5 3 6. 

yes 

'7. 

n=5 

8. 4, 8 16, 32. 


9. 

8th 





EXERCISE X 


1. 

^r r) iO<l and ^"^ ' ty > 1 

1-JV ^ J'- 1 


2. 

2059 

1281 

4. 19 U 


1458 

3 * 512 


5. 

-682 

6. i (585\/2—292) 


7. 

364(^3+1) 

8. 2 i 

). 2 

— v 

10. 

a(<z* —1) 

foi(n+l) fl(r 2 " — 1) i 

M' 2 "-l) 

h 

1 

pH 

1 

»| 

~ 2 W r 2 — 1 

r 2 — 1 


. *V"-D 

( w > . ' x 2 -l 

i , xy(x n y i — l) 

^-1 
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11 . 


12 . 


15. 7(7 + V42) 


3( 3 + y/3) 
2 

16. ~\ 

a— 1 


13. I 14. 


17. 

1 

1 +2* 

18. a 

EXERCISE XI 

1 . 

12 

2 1 
o 

3. 

80, 40, 20, 10 4. A 4 , 8 , 

5. 

— 7 * 

'» 2,. 

...ti 6. 8, 12 

7. 

4, 16 

8. **" 


s. 

a— 

10. 

5, 8, 11 

EXERCISE XII 

1. 

2, 4,8 

2. 3, 6, 12 

4. 

4, 8, 16, 32 

5. 3, 5, 7 

6 - (i) If (10"- 

1 ) —x (»> i { 


19. 4 


3. 4, 6, 9 


(m) n-\ ( 1 -+) 


20 . 16 


20 

5x+3 

14 

x+6 


EXERCISE XIII 

2. I 

4. 7,* 

6. -A- -A-, 


6|,7f 


1 1 A 

21 4> 6 


6 * A A, if, A 
8 . 6, 24 
EXERCISE XIV 
2 . 3 £ 

D O 1 ! , 


a (n—l)+c(w—«) 


l a. l 

4i 5j 6 
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EXERCISE XV 


1. 

i — a H na n 

2 

4 1 

n 

(1— a)~ \ -a 



0«-l 

3. 

_ r> 1 'In +7 

10 — 1 (>•">"■ 1 

4. 

On_j 


5. 

, O/i-rT) 

•)• _ 1 - 

11* ^"-1 

6. 

1+* 

(l-.v) 2 


7. 

1 - 8- 6 

9. 

H-2.v- 

(l-.v 2 ) 2 


10. 

1 

11. 

I- 7 * 

8a: 2 

(l—*) 8 

(1-v) 2 ' 

(I"*) 8 

12. 

•> 

a~ 

{a—.x) (a—.x 2 ) 



• 


1. 


n (4m 2 — 1) 
3 


EXERCISE XVI 

„ 2 n(»+l) (2«+l) 

2 ‘ 3 


3 o^+i). 4. 2S15 5. 42075- 

n (n+l) (b+S) 7 « (»+!)- (»+ 3 ^ 

6 . - 6 ’ 12 

8. „ (3b*+6b+1) 9. 1 b (a+1) (2 b+1)-b 

' ii (n+1) (b+2) (b+3) 

10. 4 

11 ! ! 2 - b (n+1) (3b*+11b+10) 

12. (i) 4 b (n+1) (2n+3) («) b (b+1) s (s+2) 

EXERCISE XVII 


1. v <*+■+*) 


2 . 


;/ 


(h*+»+4) 


3. 


5. 


w (;r-r 3 m+ 5) 
3 

n- (n+1) 

2 

9«+- — n — 4 


4. " (2n*+3n+7) 

6. 2"' 1 — 2 — 8/i 

8 . 2 ,,:1 — 2 —» 


7. 
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*• »r.v (10"— i) — wj io. ,j [ \r (io"—i) -,/j 

ii- l [ -V ( io m — l) —//] 


EXERCISE XVIII 


1. 

4 '_5 

7 

4 3 



1 - 3a: 1 — 2x 

2 - i 

-2a !— A 


3. 

?_,+ 3 4 
•v-i a -2 a— a 

r 4. . 
> « 

11 4 

1 (1 -v)" :i (2-f 

x) 

5. 

+ 3Xv+o) ~:}(x- 

/ 

•'-) 



6. 

] 2 . 
A~3 + .V-T 




7. 

l .24 

*~4 a —5 " 

. 30 

A — 6 

» 


8. 

a 2 ] 

h~ 

l 



« 2 -6 2 * a 2 — a 1 + hi 

-a 2 

a -~b- 


9. 

a 2 1 

- _. i 

b 2 

1 


(a-~b 2 )(c-~a 2 ) x~ m 

-* 2 + 

— b~) (J) 2 — c 2 )~‘ 

a *+b* 



+ 

c 2 

1 

10. 


(b 2 — c 2 )tc 2 — a 2 ) * 

a 2 +c 2 

A =/>, B = _ ? 




EXERCISE XIX 


,5 K*+3) ^~5(a—2) +(*—2)* 

2 . - 1 + 1 , _3 , 1 

•v 4(.v-l) ' 4 (a+1) t 2(.v+1)2 

3, 1 _1 

* 4 (*-l) 8 4 (a + 1)2 

_-J_. 1 ! ! 

4 (* -1 ) 4 W + 4(x+1)+W 

_ +2 (*+«)« 

ft 


5. 
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6 . - 


5 


1 


3(x-2)"— (x-W 3 (l-2x) 


7. 


21 


21 


—-— -f- 

r» \ a 


32 (x+iy + 32(l-3x) ^8 (l-3x)* 

3 1 




8. 1 + £=! + (x-1)* + (*-l) 3 *- 2 

9 - 1U (x+D - + reT^IT + w + 4l^2T 


10 . 


+2(x-l) 4 

JZT -*TT +(lA r_ (-v+i) ;, ‘ + ^+ I ) i 

1 1 _ 1 1 


11 - A- + 27 (x+ 1 )* 9(x-M ) 3 



12 . — ^3 x i x x — 1 


1 1 

X ■ X 

EXERCISE XX 


1 . 


2 . 


1 


1 


x -1 


6 (,+Ij- + l2 (*+2) 4 (**-x+2) 

1 1 _*=J— 

5 ^+ 2 ) "10 (x+3) 10(x*+D 

3 


3. 


60 (x—3) 60(x+3) ”^10(x 2 4-4) 

1 1 2 ( x rlL 

4. 2(^1) 10(jtH- 1) 5 (* 2 +*) 


5. (2x4-1) [^2 "x 2 4-3] 

l 1 1 x + l -_ 

<>• 9 - 47 = 1 “ 3 *(x 2 4-2 ) 2 0 ' *‘+ 2 


1 x4-l 
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7 1 r^—- ±-l 

'* 6 2 —a 2 La 2 +<i 2 a 2 +6 2 J 


g V _L_ - 3 - 1 _ -*“^ 2 

*• * + 4(*~1) 4(x+l) 2(x*+l) 

1,1 * 

* * + 4(a- 1) _r 4(x+l) 2 (a 2 + 1) 

1 1 , *+l 

10 - 10(at—2)- “20 (a- 2) i "20(x*+x+4) 

11 i+Ja. 2 *+ 4 

11# 1+ A ' A 2 +A+l 

12 , 1 _1_ J _J_ 

1Z * * • a 2 +a+ 1 1 2# x*-x+l 

r* l f x+V'2 A-y/2 ~1 

1 ’ 5, 2V2 L^+V^+l (A-V2a+1 J 


14. 


15. 


A 


1 


a 2 +a+2 a 2 +a+1 

1 —a 2 1-6 2 


(6 2 -a 2 )(A 2 +a 2 ) 1 (a 2 — 6 2 ) (a 2 +6 2 ) 

EXERCISE XXI 


1 L/±, l i 1 * _ * _ 1 \ 

3 ' 4 '5 1 0 n+4 n+5 n+ 6 / 

71 


2 . 

4. 

6. 

9. 

1 . 

2 . 


(a+l)(a+3n+l) 
2 * 1 
(1+2" a) 1+a 

1 

11 -*)* 

* 


3. 


5. 


71 


4(3*+4) 
n 2 


(n + l)(n+2) 

7. i 8. 

10. 1 


EXERCISE XXII 
a 6 —15a 4 +90a 3 -270a 2 +405a— 243 
8lA 4 +216A 3 ^+216A 2 /+96A> 3 +16y 


• 





ns- 


A 10 +5.V*-f 1 u A- 8 -H o.v 7 4-5.V°-f .X 5 

1 —7xj»-f 21 a 2 / - 3 ory -f 35 a - 21 a- 5 /+7 a c / - a 7 / 

. . „ 80a 2 64a 64 

729a G —07 2a J -r 540a' —160a 3 -f — — 

64a° 32 a 1 20 ,_ 0 , 135 243 729_ 
T^r - 07 + 3 “ A “ u ' 4 a 2 8 a 4 r 64A 6 


tz\) zi 
— 35750a 1 " 


-11 2640a 9 


9. 

1120 

81 

a'i 4 

10 . 

10500 

A 3 

11 . 

84 a 3 b 6 

12 . 

» 

1365, - 

1365 

13. 

252 

14. 

429 ■ 

To x 


15. 


17. 




16. 7920 


3n{3n-\)(3n-2) ..... 

n(n-1) (« - 2).2;i (2n -1) (2a - 2). 

996 ft 19 20 1 ?* 1 A 17 - 1 1 x 3 12 X 2 3 

2268 19 ‘ 8 . 7 . 6 . 5 . 4 . 3 . 2 . 


18. 2268 
* f 


REVISION QUESTIONS II 


2. n ±(\+np) 5. (i) Mr-(10“-D-»] 

2 

(«) o[o fi ( 10 M — 1 ) —n ) 

„ n r 1 —r H 

7. i,-X;— 

1 —r 1 —r 1— r 

1 2*(1-a"- 1 ) (2a—1) a” 

9 - (0 jz: x + (i- x )\ I-* 

25/, 1\ _!L _L_ 

(«) X 6\ l ~ 5 ”/ 4 ' 5"- 1 






n(n 2) 

12 





6 



(m) |jr n(n-f l)(3;/--i-l l«-rlO; 
{iv) «(” + l.K»+2)(fi-r3) 



( h[h+1){„+2) 

V ; 6 
(6) w(«4-1) 








